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Abstract
Strain localization is one of the most challenging phenomena in solid mechanics. It occurs when strains concentrate in very 
narrow bands within a solid, typically referred to as localization bands. This behaviour is related to different types of failure 
mechanisms: fracture, shear bands and slip lines. Being a dissipative process, the modelling of strain localization could 
seem to preclude the use of variational methods. However, a sound framework to deal with this issue has been developed in 
the last few decades. In this contribution, we review the modelling of strain localization by means of variational methods 
systematically, presenting the main underlying theoretical concepts. The issue of irreversibility is approached by means of 
the theory of generalized standard materials, which constitutes the basis for the variational approach. Then, typical problems 
occurring in the modelling of strain localization are analyzed: the tendency to localize in a band of zero thickness with no 
dissipation, the determination of the geometry of the localization band, and the orientation bias of such band with respect 
to mesh alignment in finite element discretizations. We discuss solutions for these problems, focusing on the approach that 
tackles the description of the localization band using phase fields.

1 Introduction

The study of the onset and propagation of localized fail-
ure in solids is a challenging scientific subject and an issue 
of utmost importance from the engineering point of view. 
From a continuum mechanics perspective, the mechanisms 
associated to this kind of failure are often studied by means 
of constitutive models with softening. These models allow 
for the possibility of very narrow bands of intense deforma-
tion, i.e., strain localization. However, classical constitutive 
models are not able to properly describe this phenomenon. 
The mathematical model becomes ill-posed, predicting a 
spurious dissipative behavior. Moreover, problems related 

to the determination of the geometry of the localization band 
when using discretization meshes arise [19].

Despite all these problems, sound methodologies to deal 
with strain localization have been developed in the compu-
tational mechanics community (see, for instance, [56]). One 
of the ways to do this is to model the localization bands as 
strong discontinuities in the displacement field. Examples 
are the so-called strong discontinuity approach (SDA) and 
the eXtended Finite Element Method (XFEM). The seminal 
reference of the SDA is [65]. Analyses of the finite element 
technology associated with this approach can be found in 
[30, 55]. With regard to XFEM, the first contribution was 
devoted to the modelling of problems in linear elastic frac-
ture mechanics (LEFM) [48]. In [47], XFEM was used to 
model a solid with a cohesive fracture, and shear bands were 
modelled in [64]. Moreover, a high performance computa-
tional approach to XFEM is described in [69].

The use of strong discontinuities to model localization 
has been successful in many fronts. However, the detection 
of the onset of a localization band and the tracking of the 
geometry of that band as it evolves are important issues that 
are difficult to handle with this approach. The last issue is 
specially problematic when dealing with complex geome-
tries. To tackle these difficulties, the use of phase fields has 
attracted significant attention lately (see, for instance [43]). 
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The idea is to introduce a continuous scalar field, the phase 
field, to describe the geometry of the localization band. The 
use of phase fields can be related to the regularization of the 
ill-posedness associated to localization by means of gradi-
ents of the damage variable [20].

Many of the studies that use phase fields to study locali-
zation are related to the work of Francfort and Marigo [25], 
where a variational description of Griffith’s approach to 
fracture is presented. This formulation is inspired by the 
Mumford–Shah [49] functional, used in image segmentation. 
In order to avoid the practical drawbacks of free discontinu-
ity problems, in [13] an approximate problem that avoided 
the presence of discontinuities was devised. It was shown 
that this approximation � -converges to the variational for-
mulation of Griffith’s fracture [17]. These approximations 
are based on the work of Ambrosio and Tortorelli [7] for 
the treatment of the Mumford y Shah functional. A detailed 
review of this formulation can be found in [14].

The energetic formulation used for the above-mentioned 
works is systematized in a very rigorous mathematical 
framework [46] for the evolution of rate-independent mate-
rials. Here, we rely on the more mechanically motivated 
version of this framework that can be found, for instance, 
in [59].

The concept of phase fields for the modelling of local-
ized failure has been used extensively in the computational 
mechanics community. In [42, 43], a thermodynamical per-
spective is adopted. The dynamical case has been considered 
in [11]. Failure in ductile materials has been also modelled 
by means of phase-fields [5]. This has been extended to large 
deformations in [6, 12]. The work [44, 45] considers the 
inclusion of gradients in the plastic variable.

An alternative that is more similar to the classical treat-
ment of localization in damage mechanics is presented in 
[9, 38, 61]. This alternative is systematically developed in 
[38] for brittle materials, and includes models that have a 
threshold for the onset of damage. This was extended to con-
sider ductile fracture in [1–3]. Within this framework, the 
possibility to consider plastic gradients and strain hardening 
or softening is explored in [63, 67].

We present a systematic review of the variational mod-
elling of localized failure from a computational mechan-
ics point of view. As an organizing principle, our prior-
ity is to convey mechanical meaning. For this, we take as 
our point of departure the variational modelling of linear 
elastic solids. Then, we explain the theory of generalized 
standard materials, providing a convenient basis to build a 
variational framework for dissipative materials. The vari-
ational setting is developed using a class of damage models 
a way to convey the main ideas. Then, the phenomenon of 
strain localization is explained. The problems of spurious 

dissipation, determination of the placement of the localiza-
tion band, and the orientation bias due to mesh alignment 
are then analyzed. The use of gradient regularization as a 
way to tackle these issues is explored. Finally, the case of 
degrading elasto-plastic materials is studied within the vari-
ational framework.

2  Variational Methods for Conservative 
Materials

In order to explain some basic concepts of the variational 
modelling of conservative materials, we present the vari-
ational formulation of the linear elastic problem (for details, 
see, for instance, [57]).

Consider a solid that occupies a region � in space. For 
a given time t, the displacement field is regarded as primal:

where d is the dimension of the considered space (in general, 
d = 2, 3).

From the kinematics point of view, we consider the case 
of small strains:

where � is the small strain tensor. Notice that the domain � 
remains the same in time due to the small strain hypothesis. 
Now, the elastic energy density can be defined:

where ℂ is the fourth order elasticity tensor. Moreover,

Then the energy of the solid that occupies the � domain 
reads

where L[u] stands for the linear functional with the mechani-
cal meaning of work that takes into account the presence of 
external loads.

Once the energy of the solid has been determined, the 
corresponding variational problem is

where F  is the function space in which the solution is to be 
searched. The definition of this function space is related to 
regularity considerations, and to the fulfilment of Dirichlet 

(1)u ∶ � → ℝ
d,

� = �(u) =
1

2

(
∇u + ∇uT

)
,

� (�) =
1

2
� ∶ ℂ ∶ �,

� =
��

��
= ℂ ∶ �.

E[u] = ∫�

� (�(u))dV − L[u],

(2)min
u∈F

E[u],
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boundary conditions prescribed on a subset ��u of the 
boundary. In this case, the necessary condition for mini-
mality is

Considering the action of volumetric forces b and Neumann 
boundary conditions, one has

where ��N is the part of the boundary where Neumann 
boundary conditions are prescribed and t is the traction vec-
tor applied on ��N . Then,

where �� = �(�u) . The minimality condition implies

This is the expression of the principle of virtual work, which 
must hold for every admissible �u , i.e., with homogeneous 
boundary conditions on ��u . Using classical arguments 
from the calculus of variations the following balance equa-
tion must hold in the domain �:

It is important to mention for further developments that the 
variational problem (2) can be expressed as finding u such 
that

for all admissible �u . This way of expressing the minimiza-
tion problem is specially useful for our explanation, because 
it can be interpreted as a stability condition: stationary states 
must be stable with respect to perturbations �u , in the sense 
that no perturbation can cause energy to decrease. Moreover, 
the necessary condition can be written in the form:

for all admissible �u . Notice that, being �u arbitrary, the non-
strict inequality can be replaced by an equality. However, 
this new expression is more general in the sense that it could 
cope with problems with unilateral constraints [22], which 
will be crucial to consider irreversible processes.

(3)�E[u, �u] ∶=
d

d�
E[u + ��u]

||||�=0
= 0.

(4)E[u] = ∫�

� (�(u))dV − ∫�

b ⋅ udV − ∫��N

t ⋅ udS

(5)

�E[u, �u] = ∫�

� ∶ ��dV − ∫�

b ⋅ �udV − ∫��N

t ⋅ �udS,

(6)∫�

� ∶ ��dV = ∫�

b ⋅ �udV + ∫��N

t ⋅ �udS.

(7)∇ ⋅ � + b = 0.

(8)E[u + �u] ≥ E[u]

(9)�E[u, �u] ∶=
d

d�
E[u + ��u]

||||�=0
≥ 0

3  Generalized Standard Materials

The theory of generalized standard materials was developed 
to deal with the modelling of dissipative materials in a sys-
tematic way [28]. The main ideas behind this theory are, on 
the one hand, the use of the so-called internal variables for 
the description of irreversible processes (such as damage and 
plasticity) and, on the other hand, the consideration of both a 
stored energy potential and a dissipation (pseudo) potential. 
We adopt the version of this theory described in [36], which 
uses the so-called Drucker–Ilyushin inequality to arrive to the 
theory of generalized standard materials. This approach was 
developed further in several works such as [59]. However, in 
our presentation, we will not make explicit mention of the 
Drucker–Ilyushin inequality. We prefer to rely on thermody-
namical concepts and on the insight given by the energetic 
approach to the description of fracture evolution. We illus-
trate the theory in this section using the modelling of materials 
undergoing elastic degradation.

3.1  Thermodynamical Considerations

Consider the external mechanical power applied to a solid:

where v is the velocity vector. According to the theorem of 
power expended [57],

where �̇ = �(v) is the symmetric gradient of the velocity. 
Moreover,

is the kinetic energy and v = ‖v‖ is the magnitude of the 
velocity. The stored energy is defined by

where � is the stored energy density. Now, we can define the 
dissipated power in the solid [10]:

Using (11), one obtains

(10)Pe = ∫�

b ⋅ vdV + ∫��

t ⋅ vdS,

(11)Pe = ∫𝛺

b ⋅ vdV + ∫𝜕𝛺

t ⋅ vdS =
d

dt
K + ∫𝛺

� ∶ �̇ dV ,

(12)K =
1

2 ∫�

�v2dV

(13)U = ∫�

� dV ,

(14)Pd = Pe −
d

dt
(K + U).

(15)Pd = ∫𝛺

� ∶ �̇ dV −
d

dt
U.
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Then, the dissipated power density in a material point can 
be defined as

It is possible now to enunciate the following physical 
postulate:

Then,

which is a particular statement of the second law of 
thermodynamics.

For an elastic material, one has

and, as a consequence,

Considering that expression (20) must hold for every �̇ , then

This argument is known as the Coleman and Noll procedure. 
For the elastic case, Pd = 0 , as expected. Let us now con-
sider the more general case in which there is an additional 
state variable � , whose specific definition is not given yet. 
Then, � = � (�, �) and

This must hold for every �̇ , and, as a consequence,

Also,

which is known as reduced dissipation.

3.2  Griffith’s Fracture with Predefined Geometry

The modelling of fracture is paradigmatic in terms of the 
description of irreversible processes. We consider now the 
theory developed by Griffith, which is based on energetic 
concepts. This theory can give us important insight about 

(16)Pd = � ∶ �̇ − �̇� .

(17)Pd ≥ 0.

(18)Pd = � ∶ �̇ − �̇� ≥ 0,

(19)� (�) =
1

2
� ∶ ℂ ∶ �

(20)Pd = � ∶ �̇ −
𝜕𝛹

𝜕�
∶ �̇ = [� − ℂ ∶ �] ∶ �̇ ≥ 0.

(21)� =
��

��
= ℂ ∶ �.

(22)
Pd = � ∶ �̇ −

𝜕𝛹

𝜕�
∶ �̇ −

𝜕𝛹

𝜕𝛼
�̇�

=

[
� −

𝜕𝛹

𝜕�

]
∶ �̇ −

𝜕𝛹

𝜕𝛼
�̇� ≥ 0.

(23)� =
��

��
(�, �).

(24)Pd = −
𝜕𝛹

𝜕𝛼
�̇� ≥ 0,

the way in which the behaviour of dissipative materials can 
be described in a variational setting. Thus, the main purpose 
of including it here is to introduce certain concepts that will 
be crucial to understand the theory of generalized stand-
ard materials, which, in turn, is the basis of the variational 
approach.

Consider the solid � with an internal boundary �  i.e., a 
crack, as illustrated in Fig. 1. The evolution of the crack is 
given by its length l = l(t) . Then, the evolution of the crack 
must fulfill the following principles [25]:

Irreversibility

Stability

Complementarity

In the previous expressions, G is the so-called fracture 
toughness and it is considered to be a material parameter. 
The notation E corresponds to the elastic energy stored in 
the solid.

The principles laid down for the modelling of Griffith’s 
fracture are indicative of the ingredients that a general 
framework for the description of dissipative processes in 
rate-independent materials should have. First, the irrevers-
ibility principle indicates that such processes are not sym-
metric with respect to the evolution in time: a crack segment, 
once opened, cannot close in subsequent states. The stability 

(25)l̇ ≥ 0.

(26)−
dE

dl
− G ≤ 0.

(27)
(
−
dE

dl
− G

)
l̇ = 0.

Fig. 1  Solid with an internal boundary
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criterion, in turn, limits the feasible states of the solid. Sta-
bility and complementarity together tell us that, when the 
crack evolves ( ̇l > 0 ), the change in the stored energy with 
respect to a change in crack length must be equal to G. This 
gives us a connection between the stored energy and the 
energy dissipated in opening a crack segment.

From the mathematical point of view, it is interesting to 
see that this problem can be formally expressed as the fol-
lowing constrained minimization problem [66] for a time 
t + �t:

This problem can be written using the Lagrangian 
formalism:

where � is a Lagrange multiplier. This problem must satisfy 
the so-called Karush–Kuhn–Tucker conditions.

From stationarity with respect to l, one gets

The primal feasibility condition tells us that

which corresponds to irreversibility. Dual feasibility reads

Replacing Eq. (30), in the previous expression, one obtains 
stability:

Finally, the complementary slackness condition demands 
that

Using stationarity of the Lagrangian again, it follows that

which is complementarity. These results highlight the close 
relation between the Karush–Kuhn–Tucker conditions for 
the constrained minimization problem and the principles of 
irreversibility, stability and complementarity.

3.3  Damage Models

Now, we are ready to apply the theory of generalized 
standard materials a class of damage models. The main 

(28)min
u∈F,l≥l(t) E[u, l] + Gl.

(29)min
u∈F,l,�

E[u, l] + Gl + �(l(t) − l),

(30)� =
�E

�l
[u, l] + G.

(31)l ≥ l(t),

(32)� ≥ 0.

(33)
�E

�l
[u, l] + G ≥ 0.

(34)�(l(t) − l) = 0.

(35)
[
�E

�l
[u, l] + G

]
(l(t) − l) = 0,

feature of damage models from the phenomenological 
point of view is the possibility of observing degradation 
in the stiffness of the material, as illustrated in Fig. 2. This 
is said to be produced by microvoids at a lower scale. As 
we deploy the ingredients of the model, we relate them 
to thermodynamical concepts and point to the analogies 
with the principles that guide the energetic modelling of 
Griffith’s fracture.

The first step is to postulate that the state of a given 
material point in the solid is given by (�, �) , where � is an 
internal variable related to the degradation of the material.

The stored energy density is

where � ∈ [0, 1] and �(�) is non-negative, decreasing and 
such that �(0) = 1 (this corresponds to a sound material, 
� = 0 ). The material loses stiffness as �(�) approaches 0. 
The extreme case is �(1) = 0 (with � = 1 ), i.e., total loss of 
stiffness. Note that

since � is decreasing ( 𝜉�(𝛼) < 0 ) and ℂ is positive definite. 
Then, for the reduced dissipation inequality (24) to hold,

This is an irreversibility condition on the damage variable 
� . Notice how this irreversibility is related to the second law 
of thermodynamics.

We are dealing with processes that can have non-elastic 
regimes; as a consequence, Pd > 0 is possible. The theory 
of Generalized Standard Materials requires the definition 
of a dissipation (pseudo) potential to tackle these regimes. 
For instance, Pd can be postulated to have the following 
form

(36)� (�, �) =
1

2
�(�) � ∶ ℂ ∶ �,

(37)
𝜕𝛹

𝜕𝛼
(�, 𝛼) =

1

2
𝜉�(𝛼) � ∶ ℂ ∶ � < 0,

(38)�̇� ≥ 0.

Fig. 2  When damage evolves, stiffness is degraded
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This form is convenient for the sake of explanatory simplic-
ity. After integrating in time, one can obtain a state function 
w(�) such that

Then, a (pseudo) potential of the following form can 
be postulated:

It is the sum of two state functions: the stored energy density 
and a function for the dissipated energy. The mechanical 
meaning of this decomposition is illustrated in Fig. 3. This 
is the basis to define the constitutive behaviour of a mate-
rial point.

We can now start defining the different ingredients of 
the constitutive model. After considering Equation (23), 
one can obtain the stress as the conjugate of the strain with 
respect to the potential W:

Now let us explore the expression of stability for this model. 
The idea is to make sure that no state in a neighbourhood of 
a stationary value of � has lower energy. This means that for 
� stationary, any local variation of W must be non-negative. 
This can be expressed as a variational inequality:

which must hold for any �� ≥ 0 . This constraint for the val-
ues of �� comes from the fact that any variation around � 
stationary cannot violate irreversibility. This yields

(39)𝛷(𝛼, �̇�) = k(𝛼)�̇�.

(40)ẇ(𝛼) = k(𝛼)�̇�.

(41)W(�, �) = � (�, �) + w(�).

(42)�(�, �) =
�W

��
(�, �).

(43)
dW

d�
(�, � + � ��)

||||�=0
=

�W

��
(�, �)�� ≥ 0,

(44)
�W

��
(�, �) ≥ 0.

Or, equivalently,

Then, k(�) = w�(�) is a limit for the feasible states of the 
material point. The formal similarity with the stability prin-
ciple in Griffith’s fracture is clear.

Considering Pd = 𝛷(𝛼, �̇�) = ẇ(𝛼) , the relationship (18) 
entails

Then,

As a consequence,

where the definition of the stress has been used. Equivalently,

This is the so-called consistency or complementarity condi-
tion. Again, the formal resemblance with Griffith’s theory 
is clear. We can also see that the principles of irreversibil-
ity, stability, and complementarity are reminiscent of the 
Karush–Kuhn–Tucker conditions of a constrained minimi-
zation problem.

The class of models described above is interesting by itself 
as a possibility to describe the behaviour of materials that 
undergo damage. However, the previous exposition also has 
the objective of explaining a modelling philosophy for dis-
sipative materials. Perhaps one of its most interesting charac-
teristics is the description of the energetic state of a material 
point by a function that is the result of adding a stored energy 
function and a dissipated energy function. A typical evolution 
of such energy description on (pseudo) time is illustrated in 
Fig. 4.

(45)−
��

��
(�, �) − w�(�) ≤ 0.

(46)� ∶ �̇ = �̇� (�, 𝛼) + ẇ(𝛼).

(47)� ∶ �̇ =
𝜕𝛹

𝜕�
∶ �̇ +

𝜕𝛹

𝜕𝛼
�̇� + ẇ.

(48)
(
𝜕𝛹

𝜕𝛼
(�, 𝛼)

)
�̇� + ẇ(𝛼) = 0,

(49)
(
𝜕𝛹

𝜕𝛼
(�, 𝛼) + w�(𝛼)

)
�̇� =

(
𝜕W

𝜕𝛼
(�, 𝛼)

)
�̇� = 0.

Fig. 3  Energy decomposition

E
n
er
gy

Pseudo-time

Fig. 4  Total energy (black line), stored energy (blue line), and dissi-
pated energy (red line). (Color figure online)
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3.4  Constitutive Assumptions

Certain assumptions to give realism to the modelling of brit-
tle and quasi-brittle materials are explored here. More details 
regarding these assumptions can be found in [68].

Quasi-brittle materials such as concrete are well-known 
to have different behaviour in traction from that in compres-
sion. In order to take this into account, consider the following 
decomposition of the elastic energy density:

where ℂ is the fourth order linear elasticity tensor, which we 
consider here to be isotropic. Parameters K y � are elastic 
constants: the compressibility modulus and the shear modu-
lus, respectively. Moreover, tr (�) is the trace of the strain 
tensor, which characterizes the volumetric deformation, 
while �dev is its deviatoric part, which characterizes deforma-
tions that do not entail change of volume. Mathematically, 
this decomposition of the strain tensor is written as follows:

where 1 is the second order identity tensor.
The decomposition allows for a distinctive treatment of 

traction and compression. A common way to do this is to sup-
pose that the material can always remain elastic in compres-
sion, but not in traction [9]. This is clearly an idealization, but 
it can be a very good approximation for many real processes.

Taking, for instance, the idea in [9], the elastic energy can 
be written as follows:

where ⟨ tr (�e)⟩± =
1

2
( tr (�) ± � tr (�)�) is the ramp function. 

Then, elastic degradation can be applied in a differentiated 
way:

As a consequence, the Cauchy stress tensor has the follow-
ing structure:

(50)
�0(�) =

1

2
� ∶ ℂ ∶ �

=
1

2
K tr (�)2 + �(�dev ∶ �dev),

(51)� =
1

3
∗ tr (�)1 + �dev,

(52)
�+

0
(�) =

1

2
K⟨ tr (�)⟩2

+
+ �(�dev ∶ �dev)

�−

0
(�) =

1

2
K⟨ tr (�)⟩2

−
,

� (�, �) = �(�)�+

0
(�) + �−

0
(�).

where H is the Heaviside’s step function.
Regarding the damage function, the most common option 

is

such that

The use of a quadratic option is not the only one. In classical 
damage models it is customary to use linear functions [23]. 
The use of cubic functions can be found in [12].

Moreover, the dissipation function w(�) has to fulfil the 
following conditions:

The most commonly used functions [38] are

The critical value of the dissipation w0 > 0 stands for the 
total value of the dissipated energy in a material point.

4  Variational Methods for Dissipative Solids

The framework adopted here corresponds to the theory 
developed in [46] for rate-independent materials. However, 
the style of exposition tries to emphasize the mechanical 
meaning in the spirit of [38]. In this section, we illustrate 
this variational framework by using the example of damage 
models. The case of plasticity will be considered later. As a 
consequence, the primary variables are the displacement ( u ) 
and the damage variable ( � ), a vectorial and a scalar field, 
respectively, defined in a domain � , corresponding to the 
solid under study.

We take the theory or Generalized Strandard Materials as 
our point of departure. We change our unit of analysis from 
a material point to the whole solid. This implies postulating 
an energy that defines the state of the solid. This energy plus 
three fundamental principles will be used to fully define the 
mechanical behaviour of the solid.

(53)

�(�, �) =
��

��
=
(
KH ( tr (�)) tr (�)1 + 2��dev

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

�
+

0

�(�)

+ KH (− tr (�)) tr (�)1
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

�
−
0

,

(54)�(�) = (1 − �)2,

𝜉�(𝛼) < 0 and 𝜉(1) = 0.

w(1) = w0 < ∞.

(55)w(�) =

{
w0� model with an elastic phase,

w0�
2 model without an elastic phase.
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4.1  Primal Variables

Consider a solid that occupies a region � in space. This 
domain remains the same in time due to the small strain 
hypothesis. For a given time t, the following fields are 
regarded as primal:

where d is the dimension of the considered space (in general, 
d = 2, 3 ); and

This definition indicates that the displacement field is a vec-
tor field, while the damage field is scalar.

We have not considered the dependence on time of the 
above-defined fields for the sake of simplicity. However, 
we are interested in the evolution of the mechanical behav-
iour of the solid. We will deal only with quasi-static rate-
independent processes (inertial effects are neglected). As a 
consequence, when we talk about time, we are really talking 
about pseudo-time, in the sense that we are only interested 
on the ordinal properties of the “time” variable.

The first connection between the variational framework 
and the theory of Generalized Standard Materials comes 
from the relationship between the primal fields ( u and � ) 
and the state variables at the material point level. For the 
damage variable � , we only need to evaluate the field for a 
given material point. Regarding the displacement field, it is 
related to de strain field by the following expression, which 
corresponds to the small strain hypothesis:

4.2  The Energy

We define now the energy of the solid. The global stored 
energy of the solid is defined from the density �  as

where L[u] is a linear functional related to the external 
forces applied to the body (both surface and volume forces 
can be considered).

Analogously to the theory of generalized standard materi-
als, we need to define an energy functional to consider the 
dissipative character of the processes [3]. For damage mod-
els, we take as our point of departure the density w:

(56)u ∶ � → ℝ
d,

(57)� ∶ � → ℝ.

� = �(u) =
1

2

(
∇u + ∇uT

)
.

(58)E[u, �] = ∫�

� (�(u), �)dV − L[u],

(59)D[�] = ∫�

w(�)dV .

Then, the energy functional of the solid has the following 
form:

Notice that this energy has an additive structure with two 
terms: stored energy and dissipated energy.

4.3  Variational Principles

The variational framework is based on the following 
principles: 

1. Irreversibility,
2. Stability,
3. Energy balance.

These principles [38] are generalizations of the principles 
of irreversibility, stability, and complementarity presented 
at the material point level in the previous section.

4.3.1  Irreversibility

This is a trivial extension of the principle of irreversibility 
for a material point to the whole solid. Thus, for any material 
point in � , we have that

4.3.2  Stability

As mentioned before, stability formalizes the idea that, 
given an equilibrium state of the solid defined by (u, �) , no 
admissible variation of this state in � can entail a decreas-
ing energy:

Admissibility for �u implies that Dirichlet boundary condi-
tions must be homogeneous, i.e., variations in the displace-
ment have to be compatible with the constraints of the dis-
placement on the Dirichlet part of the boundary. Moreover, 
variations of � must be subject to the restriction imposed by 
irreversibility, i.e., �� ≥ 0 in �.

This expression of stability can only be used when a 
dissipation potential can be defined [51]. A more general 
expression can be found in [46]. However, for the pur-
poses of this article the expression given above is enough 
and conveys the intuitive notion of stability in a clearer 
manner.

(60)

W[u, �] =E[u, �] +D[�] = ∫�

� (�, �)dV + ∫�

w(�)dV

− L[u].

(61)�̇� ≥ 0.

(62)W[u + �u, � + ��] ≥ W[u, �].
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The above stability condition is global and can be dif-
ficult to verify in many cases. That is why it is convenient 
from a practical point of view to consider a local condi-
tion, which only considers states in a neighbourhood of 
the stationary state:

for every admissible �u and ��.

4.3.3  Energy Balance

This is a generalization of the complementarity or con-
sistency condition. It can be stated as:

Considering (60), one has that

Thus,

Then,

Equivalently,

This is a particular expression for (15). It relates the dissipa-
tion power, the instantaneous variation of the kinetic energy, 
and the stress power.

4.4  Application to Damage Models

Let us apply the general variational framework for the case 
of damage models. The energy of the solid � reads

where external forces have not been considered for the sake 
of explanatory simplicity.

(63)�W[u, �, �u, ��] =
dW

d�
[u + ��u, � + ���]

||||�=0
≥ 0

(64)𝛿W[u, 𝛼, 0, �̇�] =
dW

d𝜏
[u, 𝛼 + 𝜏�̇�]

||||𝜏=0
= 0.

(65)

𝛿W[u, 𝛼, 0, �̇�] = ∫𝛺

𝜕𝛹

𝜕𝛼
(�, 𝛼)�̇�dV + ∫𝛺

w�(𝛼)�̇�dV = 0.

(66)
∫𝛺

𝜕𝛹

𝜕𝛼
(�, 𝛼)�̇�dV + ∫𝛺

� ∶ �̇ dV − ∫𝛺

� ∶ �̇ dV

+ ∫𝛺

w�(𝛼)�̇�dV = 0.

(67)
∫𝛺

[
𝜕𝛹

𝜕𝛼
�̇� +

𝜕𝛹

𝜕�
∶ �̇

]
dV − ∫𝛺

� ∶ �̇ dV + ∫𝛺

w�(𝛼)�̇�dV = 0.

(68)∫𝛺

ẇ(𝛼)dV = ∫𝛺

� ∶ �̇ dV − ∫𝛺

�̇� dV .

(69)

W[u, �] = E[u, �] +D[�] = ∫�

� (�, �)d� + ∫�

w(�)d�,

Irreversibility Consider two consecutive loading states. 
Then, the irreversibility condition can be written as follows:

where �t(x) is the state of the damage field at time t for the 
material point x ∈ �.

Stability Taking variations with respect to the energy 
functional (69), the stability condition (in its local format) 
reads

The following consequences can be then derived.

– For �� = 0 : 

 which is the expression of the principle of virtual work 
when external forces are neglected. It must hold for any 
admissible virtual displacement �u . This is the weak 
form of the equilibrium equation.

– For �u = 0 : 

 This must hold for every �� ≥ 0 . Thus 

 which determines the set of feasible states.
Energy Balance For this case, balance of energy has the 
following expression:

Then, for each material point in � , one obtains

5  Strain Localization

Once we have reviewed the most important concepts related 
to the modelling of dissipative materials, we can tackle the 
description of solids with localization bands. Several new 

(70)𝛼t(x) =

{
𝛼t(x), if 𝛼t(x) ≥ 𝛼t−𝛥t(x)

𝛼t−𝛥t(x), if 𝛼t(x) < 𝛼t−𝛥t(x),

�W[u, �, �u, ��]

= ��

[
�(�, �) ∶ �(�u) +

(
�� (�,�)

��
+ w�(�)

)
��

]
d� ≥ 0.

(71)∫�

�(�, �) ∶ �(�u)d� = ∫�

�(�, �) ∶ �� d� = 0,

(72)��

(
�� (�, �)

��
+ w�(�)

)
�� d� ≥ 0.

(73)−
�� (�, �)

��
− w�(�) ≤ 0,

(74)𝛿W[u, 𝛼, 0, �̇�] = ∫𝛺

(
𝜕𝛹 (�, 𝛼)

𝜕𝛼
+ w�(𝛼)

)
�̇�

]
d𝛺 = 0.

(
𝜕𝛹 (�, 𝛼)

𝜕𝛼
+ w�(𝛼)

)
�̇� = 0.
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problems arise from the mechanical, the mathematical, and 
the numerical point of view. First, we have to detect the 
material points where localization takes place. Then, we 
have to deal with the spurious behaviour of classical consti-
tutive models with regard to dissipation when softening is 
considered. Also, after discretization, problems of alignment 
of the localization band with the orientation of the mesh 
emerge. As a point of reference, the possibility of treating 
the localization band as a free discontinuity problem is con-
sidered by analogy with the modelling brittle fracture in a 
variational setting. Then, the regularization of the boundary 
value problem by introducing of gradients of the damage 
variable is discussed. Some convergence results to free dis-
continuities problems are mentioned. This allows to bridge 
methods based on localization limiters with approaches 
based on strong discontinuities.

5.1  The Onset of Localization

One of the main issues related to the description of the evo-
lution of localization bands is having some kind of criterion 
to decide when a given material point starts being part of a 
band. One of the classical ways to decide this is to use the 
so-called localization tensor [32]. There are several possible 
ways to arrive to a necessary condition based on the locali-
zation tensor [24]. We sketch here an explanation that is 
compatible with the quasi-static regime.

Suppose we have a body � and a localization band whose 
symmetry axis is the internal boundary �  . Then, take a 
material point in the band whose stress state is given by ten-
sor ��  and a material point in a neighbourhood but outside 
the band, whose stress state is given by ��⧵�  . The traction 
vector corresponding to these stress states in the direction 
normal to �  (defined by the unit vector n ) is t� = �� ⋅ n 
within the band, whereas t�⧵� = ��⧵� ⋅ n is the traction out-
side the band. Then, equilibrium dictates that

The rates of the traction vector can be expressed as 
ṫ𝛤 = n ⋅ ℂ

tg ∶ �̇𝛤  and ṫ𝛺⧵𝛤 = n ⋅ ℂ
tg ∶ �̇𝛺⧵𝛤  , respectively, 

where ℂtg is the so-called constitutive tangent operator, 
which we assume to be symmetric (with both major and 
minor symmetries) and the same inside and outside the band 
(this is a plausible assumption at the onset of localization). 
The following kinematic compatibility condition is then 
applied:

where [[u̇]] is the rate of the jump in the displacement field 
and ⊙ is the symmetric dyadic product. This entails the pos-
sibility of having a jump in the displacement field located 
at the localization band. The difference between the strain 

(75)ṫ𝛤 = ṫ𝛺⧵𝛤 .

(76)�̇𝛤 = �̇𝛺⧵𝛤 + [[u̇]]⊙ n,

tensors inside and outside the band is the symmetrized ver-
sion of the so-called rank-one connectedness. As a conse-
quence of (75), we obtain

This entails

where Q ∶= n ⋅ ℂ
tg
⋅ n is the so-called localization tensor. 

Motivated by dynamical analyses, the tensor Q is some-
times called acoustic tensor, due to its relationship with the 
behaviour of acceleration waves in solids undergoing strain 
localization [33]. Then, for [[u̇]] to be different from zero, the 
following condition must hold:

It is interesting that this condition is related with rank-one 
convexity [40] of the energy density W (symmetrized rank-
one convexity for small strains). Assume, for the sake of 
explanatory simplicity, that W depends only on the strain 
tensor. Rank-one convexity implies stability with respect to 
convex combinations of (symmetrized) rank-one connected 
perturbed states around � [41]:

where � ∈ [0, 1] . This inequality must hold for any � , [[u]] , 
and n.

Assuming W is smooth enough, one obtains:

It is easy to see that

Thus, (81) becomes

 Given the symmetry of Q , this condition tells us that it has 
to be semi-positive-definite. Then, the loss of strict positive-
definiteness signals the possibility of having a jump in the 
displacement field (strain localization), which is equivalent 
to the localization condition (79).

This condition has been widely used in computational 
mechanics to determine the evolution of the localization 
band (see, for instance, [56] for quasibrittle materials and 
[64] for plastic materials). However, being a local condition, 
using it for complex geometries of the localization band may 
become problematic.

(77)n ⋅ ℂ
tg ∶ (�̇𝛺⧵𝛤 + [[u̇]]⊙ n) = n ⋅ ℂ

tg ∶ �̇𝛺⧵𝛤 .

(78)n ⋅ ℂ
tg ∶ ([[u̇]]⊙ n) = (n ⋅ ℂ

tg
⋅ n) ⋅ [[u̇]] = 0,

(79)detQ = 0.

(80)
W(�) ≤ 𝛽W(� + (1 − 𝛽)[[u]]⊙ n)

+ (1 − 𝛽)W(� − 𝛽[[u]]⊙ n),

(81)([[u]]⊙ n) ∶
𝜕2W

𝜕� ⊗ 𝜕�
∶ ([[u]]⊙ n) ≥ 0.

(82)ℂ
tg =

𝜕2W

𝜕� ⊗ 𝜕�
.

(83)([[u]]⊙ n) ∶ ℂ
tg ∶ ([[u]]⊙ n) = [[u]] ⋅ Q ⋅ [[u]] ≥ 0.
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5.2  Softening and Spurious Dissipation Behaviour

In order to illustrate the difficulties that arise when trying 
to describe how dissipation behaves in solids undergoing 
strain localization, we use a one-dimensional example. It is 
based on an example presented in [37]. Consider a bar whose 
length is L, with a constant cross section. It is fixed for x = 0 
and has a prescribed displacement uL at x = L . No external 
loads are applied, neither concentrated nor distributed. Then 
the stress � is constant along the bar, although it can evolve 
with time.

Suppose the bar is governed by a damage model from the 
constitutive point of view. Then, the corresponding energy 
density has the following form:

from stability, we have that

which entails the following:

Having in mind that � = �(�)E� , then

If the damage variable is evolving ( 𝛼 > 0 ), we have that, 
using the consistency condition, the above relation implies:

Solving this expression for � (which is in general possible for 
usual � and w functions), one obtains that the damage vari-
able can be expressed as a function of the stress: 𝛼 = �̂�(𝜎) . 
Having in mind that the stress is constant along the bar and 
assuming E, � and w uniform, one can conclude that � has 
to have the same value for any point at which damage is 
evolving at a given time.

Consider a process for which u̇L > 0 . To characterize a 
stress–strain relationship that has a softening branch, it is con-
venient to define a non-monotone function 𝜎 = �̂�(𝜖) . This is 
possible if, after the first time that �̇� > 0 , damage keeps evolv-
ing until � = 1 . We consider that for a certain strain value, 
�c , the stress–strain relationship goes from being monotoni-
cally increasing (which we will call the ascending branch) 
to being monotonically decreasing (which we will call the 
softening branch), i.e., �̂��(𝜖) > 0 for � ∈ [0, �c) and �̂��(𝜖) < 0 
for � ∈ (�c, �f ) , with 𝜖f > 𝜖c and �̂�(𝜖f ) = 0 . Due to the uniform 

(84)W(�, �) =
1

2
�(�)E�2 + w(�).

(85)
�W

��
(�, �) =

��

��
(�, �) + w�(�) ≥ 0,

(86)−
1

2
��(�)E�2 ≤ w�(�).

(87)−
1

2

��(�)

�(�)2E
�2 ≤ w�(�).

(88)w�(�) = −
1

2

��(�)

�(�)2E
�2.

distribution of the stress state in the bar, two material points 
having the same stress � can be in different regimes: one in the 
ascending branch, while the other is in the softening branch, as 
illustrated in Fig. 5. Then, the elastic point would have strain 
�1 , while the other would have a different strain value �2 . On the 
one hand, 𝜖2 > 𝜖c > 𝜖1 , but, on the other hand, �̂�(𝜖1) = �̂�(𝜖2) , 
due to equilibrium. As a consequence, as the prescribed dis-
placement increases, strain will tend to concentrate in damaged 
material points. If the points in softening regime are concen-
trated in a band, this is called a localization band.

Suppose the localization band is defined by the interval 
[x0, x0 + �x] . The total dissipation is given by

Clearly, this dissipation tends to zero as �x → 0 . This is 
contrary to what one can observe in reality.

Notice that, since

then �̂��(𝜖) > 0 implies that W is convex for � ∈ [0, �c) , 
whereas �̂��(𝜖) < 0 entails that W is concave for � ∈ (�c, �f ) . 
This points to the fact that localization is related to the loss 
of convexity of W.

5.3  Finite Elements and a Softening Bar

Consider a discretization of the interval [0, L] corresponding 
to a 1D bar: x0 < x1 < ⋯ < xn , where x0 = 0 and xn = L . 
Each subinterval [xi, xi+1] corresponds to an element. Con-
sider, then, a Finite Element approximation of u(x):

(89)D = ∫
x0+�x

x0

w(�) dx.

(90)� =
�W

��
,

(91)uh(x) =

n∑

i=0

uiNi(x)

Fig. 5  Two material points can have different strain and the same 
stress
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where, for the sake of simplicity, Ni(x) , a shape function, 
is a hat linear function with compact support in [xi−1, xi+1] , 
such that Ni(xi) = 1 . For i = 0 and i = n , Ni(x) is linear, fulfils 
N0(x1) = 0 and Nn(xn−1) = 0 , respectively, and Ni(xi) = 1 . 
Then, we can solve the following approximate problem for 
a given time t + �t:

where W is the energy of the bar and Fh is the finite element 
space whose elements are functions uh fulfilling Dirichlet 
boundary conditions.

Consider again the case in which the bar is fixed at x = 0 
with a prescribed displacement uL at x = L and that no exter-
nal load is applied. If the discretization is uniform, then each 
element has length h. Since linear elements are being consid-
ered, then the approximate strain is element-wise constant, 
and can be computed as follows:

for any x ∈ (xi, xi+1).
When softening appears in a given element, it is perfectly 

possible that some other element can be in the ascending 
branch. Suppose 𝜖i > 𝜖c and 𝜖j < 𝜖c , but by equilibrium 
�̂�(𝜖i) = �̂�(𝜖j) = 𝜎 . In addition, once a given level for the 
prescribed displacement uL has been reached, it is not pos-
sible that all the elements remain in the ascending branch, 
because of kinematic compatibility, i.e., the deformation of 
the elements would not add up to the value of uL . In fact, 
reference [15] contains a rigorous proof, using variational 
arguments, that softening must occur at most in one element 
for the solution to be a strict local minimizer. Thus, one can 
say that the localization band in a softening bar tends to 
coincide with the domain of an element. This leads to the 
conclusion that dissipation will tend to become null as the 
mesh is refined, i.e., as h → 0 . As mentioned before, this 
behaviour is not objective.

One way to deal with the spurious tendency to have 
zero dissipation is to use the so-called smeared cracking 
models [53]. Let us start by assuming that the variable � 
is approximated by the element-wise constant function �h . 
So, the value of �h in an element i can be denoted by �i . 
Consider the finite element approximation of the energy 
of the bar:

In a softening bar, after some value of uL is attained, one of 
the terms hW(�i, �i) will correspond to an element undergo-
ing softening, while the rest of the terms will correspond to 
elements in the ascending branch. The idea of the smeared 

(92)min
uh∈Fh,�≥�t W[uh, �]

(93)�h(x) =
uh(xi+1) − uh(xi)

h
=

ui+1 − ui

h
= �i

(94)W[uh] =

n∑

i=0

hW(�i, �i).

crack approach is to make sure that the dissipation does not 
vanish as h goes to zero. To do this, we define a function 
ŵ(𝛼) = hw(𝛼) , such that ŵ(1) = G , the fracture energy. Then,

Notice that, �i being constant in an element,

which implies that the dissipation will not be null even if 
h → 0 . Also, the definition ensures that, when �i = 1 , the 
total dissipation corresponds to the fracture energy value 
G. It is important to notice that now w(�) will depend on h.

The smeared crack approach is an interesting solution 
to the spurious dissipation problem and works well for 
one-dimensional examples. However, other problems arise 
in multidimensional settings. In order to understand some 
of them, we introduce the description of the evolution of 
fracture using Griffith’s theory when the crack path has to 
be determined.

5.4  Griffith Fracture as a Free Discontinuity 
Problem

Consider a solid � with an evolving internal boundary 
� = � (t).

The energy governing the behaviour of the solid reads:

where S[� ] is a surface energy associated to the internal 
boundary �  and G is a material parameter (the so-called 
fracture energy). Now the placement of the fracture path is 
an unknown, which makes this a free discontinuity problem.

We can use the following variational principles [25]:

Irreversibility

Stability

for all 𝛤 ⊇ 𝛤 (t);

Energy Balance

where ut is the displacement at time t.

(95)W(𝜖, 𝛼) =
1

2
𝜉(𝛼)E𝜖2 +

1

h
ŵ(𝛼i).

(96)D = ∫
xi+h

xi

w(𝛼i) dx = hw(𝛼i) = ŵ(𝛼i),

(97)

W[u,� ] = E[u,� ] + S[� ] = ∫�⧵�

� (�)dV + ∫�

GdS,

(98)𝛤 (t) ⊆ 𝛤 (t + 𝛥t);

(99)W[u,� (t)] ≤ W[u,� ]

(100)
dW

dt
[ut,� (t)] = ∫

t

0

dW

d�
[us+� ,� (s)]

||||�=0
ds,
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This is formally equivalent to the following minimization 
problem at time t:

where F  is the set of admissible displacements.

5.5  Anisotropy Introduced by the Discretization

The smeared crack approach tackles the spurious dissipation 
problem [53]. However, numerical experimentation shows 
that there is an orientation bias for the crack path due to 
mesh alignment. Reference [50] presents a rigorous result of 
how the mesh introduces a numerical anisotropy regardless 
of its size. In fact, the limiting energy has the form:

where � is the anisotropy function introduced by the finite 
element mesh and n is the normal to the internal boundary 
� .

There are ways to deal with this issue. One of them is 
using adaptivity to make the crack coincide with the inter-
face between elements. For instance, an r-adaptivity technique 
was presented in [26] and its � -convergence to the correct 
energy of the free discontinuity problem was proven. Other 
techniques such as using the addition of ad hoc functions to 
introduce discontinuities have also been used. For instance, 
the eXtended Finite Element Method has shown its ability 
to solve challenging problems in fracture mechanics [48]. In 
general, partition of unity methods are a good framework to 
deal with free discontinuity problems [62]. However, these 
methods can be cumbersome when dealing with complicated 
crack geometries. Tracking algorithms have to be used [54]. In 
addition, these methods require the presence of an initial crack, 
from which the rest of the crack path will evolve.

In [34], the use of non-local approaches to alleviate the 
problem of mesh anisotropy is analyzed. It is well-known that 
non-local models can be related to gradient models [58]. This 
alternative will be considered extensively in this contribution.

5.6  Regularization with Gradients

One of the strategies to regularize models that include strain 
softening is to use gradients [21]. The primal variables in this 
case are still u and � . At a constitutive level, the variables that 
define the state of a material point are � , � and ∇�.

We use the generalized standard materials theory as a point 
of departure [29, 52] for the variational approach. So, the first 
step is to define a stored energy function density � . Then, the 
stored energy of the solid can be defined:

(101)min
u∈F,𝛤⊇𝛤 (t−𝛥t)

W[u,𝛤 ],

(102)
W� [u,� , �(n)] =E[u,� ] + S� [� , �(n)]

=∫�⧵�

� (�)dV + ∫�

G�(n)dS,

where L[u] is a linear functional that takes into account the 
action of external forces, both volumetric and superficial.

The following step is to define a dissipation function [3]:

Function w(�) represents the dissipated energy in a homo-
geneous damage process. To deal with strain localization, the 
gradient of the damage variable is included, which entails the 
introduction of a characteristic length. This avoids the ten-
dency of the localization band to have vanishing width, as 
illustrated in Fig. 6. It introduces a localization limiter [31]. 
The characteristic length is related to the width of the locali-
zation band [38]. Considering the structure of the dissipation 
function  (104), assuming a smooth evolution, the dissipated 
work in the solid D is:

Then, if external forces are not taken into account for sim-
plicity, the energy of the solid has the following expression:

(103)E[u, �] = ∫�

� (�(u), �) dV − L[u],

(104)𝛷(𝛼, �̇�,∇𝛼) = w�(𝛼)�̇� +
𝜕

𝜕t

(
1

2
𝜂2∇𝛼 ⋅ ∇𝛼

)
.

(105)D[�] = ∫�

(
w(�) +

1

2
�2∇� ⋅ ∇�

)
dV .

(106)
W[u, �] =E[u, �] +D[�] = ∫�

� (�, �)dV

+ ∫�

(
w(�) +

1

2
�2∇� ⋅ ∇�

)
dV .

Fig. 6  Diffuse crack description
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5.6.1  Energetic Formulation

Now we explore the consequences of applying the princi-
ples of irreversibility, stability, and energy balance to the 
functional (106).

Irreversibility The irreversibility principle acts as a 
constraint over � , not allowing it to decrease in time at 
any point in the solid: �t+�t(x) ≥ �t(x).

Stability Taking variations with respect to energy (106), 
one obtains the following expression:

From this general expression, some specific consequences 
can be derived.

– For �� = 0 : 

 which is the principle of virtual work when no external 
forces are considered .

– For �u = 0 : 

 This is the weak form of the damage criterion, which 
determines the feasible states. Then, after standard argu-
ments, one obtains the strong form of this criterion: 

Energy Balance In this case, the balance of energy has the 
following expression:

For u̇ = 0 , and using (109), one gets the consistency 
condition:

5.7  Discretization

Probably the most popular method to deal with solid 
mechanics problems is the Finite Element Method. The 

�W[u, �, �u, ��]

= ��

[
�(�, �) ∶ �(�u) +

(
�� (�,�)

��
+ w�(�)

)
��

+�2∇� ⋅ ∇��
]
dV ≥ 0.

(107)∫�

�(�, �) ∶ �(�u)dV = 0,

(108)
��

[(
�� (�,�)

��
+ w�(�)

)
�� + �2∇� ⋅ ∇��

]
dV ≥ 0.

(109)−
�� (�,�)

��
− w�(�) + �2∇ ⋅ ∇� ≤ 0.

(110)
∫𝛺

[
�(�, 𝛼) ∶ �(u̇) +

(
𝜕𝛹 (�,�)

𝜕𝛼
+ w�(𝛼) − 𝜂2∇ ⋅ ∇𝛼

)
�̇�

]
dV = 0.

[
−
𝜕𝛹 (�,�)

𝜕𝛼
− w�(𝛼) + 𝜂2∇ ⋅ ∇𝛼(u, 𝛼)

]
�̇� = 0.

gradient regularization allows for the use of standard finite 
element spaces. The idea is to approximate the primal fields 
u and � by means of uh and �h . This approximations belong 
to spaces of finite dimension. As a consequence, each 
approximation function is defined for a set of parameters, 
that can be grouped in the finite dimensional vectors � and 
� , respectively. A nice characteristic of the finite element 
method is that these parameters correspond to the approxi-
mations of the displacements and the damage variable at 
the nodes.

As a consequence, the following function can be derived:

which can be understood as an objective function of a con-
strained minimization problem that has the meaning of 
energy.

5.7.1  Staggered Algorithm

A very convenient incremental-iterative algorithm to mini-
mize the discrete energy (111) can be devised. The external 
load is incremented and the mechanical response of the solid 
is determined. For each load state, an iterative process is per-
formed. The idea is to freeze one of the variables, while the 
other varies. This takes advantage of the fact that the energy 
is convex with respect to each argument, but it is nonconvex 
when both are considered.

Given a load level at (pseudo) time t, one wants to deter-
mine [�t,�t] . The following tolerances are considered for 
the iterative process: Tu y Td , allowing a maximum number 
of iterations kmax.

It is also possible to use monolithic schemes for the dis-
crete minimization problem. However, robustness issues 
may emerge with high probability, since the energy func-
tional is highly non-convex. Thus, continuation techniques 
are needed [27].

5.8  Convergence to a Free Discontinuity Problem

As mentioned before, the variational version of Griffith’s 
model [25] is a free discontinuity problem and cannot be 
solved in practice. However, in [13] a strategy to approximate 

(111)Wh(�,�) = W[uh, �h],
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this problem using elliptic functionals was presented. Thus, 
this problem could be discretized with standard finite element 
spaces.

The main idea, as explained in [9], is to approximate the 
free discontinuity problem for fracture by

where l is a parameter that characterizes the approximation, 
whose meaning can be inferred from the definition of Sl[�]:

where c� is a normalization constant [39]. This approxima-
tion clearly has the same structure as the energy that includes 
gradients of the damage variable. Also,

where cl is a small parameter that should be of a lower order 
than l.

Then, it can be proved that the energy in (112) � -con-
verges to Griffith’s variational problem as l tends to 0. This 
is a way to relate gradient damage regularization with the 
modelling of fracture as a free discontinuity problem. Also 
the relationship between the parameters appearing in w and 
material parameters such as G can be found through the 
relation between the phase-field and the free-discontinuity 
energies.

It is interesting that certain forms of �(�) can deliver quali-
tatively different energies in the limit. Specifically, in [16], the 
�-convergence of an energy proposed in [60] as l approaches 
zero was studied. An energy with a cohesive surface of the fol-
lowing form was obtained (leaving some mathematical details 
aside):

where S[� , [[u]]] is a surface energy that depends not only 
on the geometry of the internal boundary �  , but also on the 
amplitude of the displacement discontinuity [[u]].

A study of the asymptotical behaviour for different options 
for � and w is developed in [70]. The emphasis is on models 
that converge to energies with cohesive surfaces. The per-
formance regarding the behaviour of different options with 
respect to length-scale and bias sensitivity was studied in [35].

6  Variational Methods for Localization 
in Degrading Elasto‑Plastic Materials

In this section, we generalize the variational formulation for dis-
sipative materials to consider plasticity. The primal fields in the 
solid are the displacement ( u ), the damage variable ( � ) and, in 

(112)Wl[u, �] = El[u, �] + Sl[�],

(113)Sl[�] = ∫�

G

c�

(
�(�)

l
+ l∇� ⋅ ∇�

)
dV ,

(114)El[u, �] = ∫�

[(
�(�) − cl

)
� (�)

]
dV ,

(115)W[u,� , [[u]]] = E[u,� ] + S[� , [[u]]],

addition, the plastic variable, p. As in the case for damage without 
plasticity, the energy of the solid is characterized by two terms:

where E[u, �, p] is the stored energy and D[�, p] is the dis-
sipated energy. In order to keep the formulation general, we 
consider gradients both for the damage variable and for the 
plastic variable. The formulation described in this chapter 
is based on [63]. A comparison of alternative formulations 
is presented in [4]. The energy considered here is able to 
include several dissipative mechanisms in a straightforward 
way.

6.1  State Variables

Again, our point of departure is the theory of generalized 
standard materials. We start by defining the state variables at 
the material point level. We will assume that the state is given 
by (�, �, p, �p,∇�,∇p) . The presence of the strain and the 
damage variable have been justified above. The inclusion of 
the plastic variable p and the plastic strain �p is justified now.

The main characteristic of a plastic material is the existence 
of a non-reversible part of the strain, called plastic strain. In 
the small strain setting, this is taken into account by the so-
called additive decomposition of the total strain into elastic 
and plastic strains:

The elastic deformation is reversible in the sense that 
once the applied forces are removed, this part of the strain 
disappears. The plastic strain, on the contrary, will remain, 
as illustrated in Fig. 7.

From the concept of plastic strain, one can define the 
plastic variable (which is proportional to the so-called equiv-
alent plastic strain):

It is easy to see that p ≥ 0 and ṗ = ||�̇p|| ≥ 0 . Notice that, 
if p is taken as a primal variable, it has to fulfil a condi-
tion similar to the irreversibility condition for the damage 
variable.

In addition, the rate of the plastic strain can be expressed 
as

where n̂ is a unit tensor, known in plasticity theory as the 
direction of plastic flow. Then, ṗ represents the magnitude 
of the instantaneous variation of the plastic strain, whereas 
n̂ determines its direction.

(116)W[u, �, p] = E[u, �, p] +D[�, p],

(117)� = �
e + �

p.

(118)p = ∫
t

0

||�̇p||dt.

(119)�̇
p = ṗn̂,
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Notice that n̂ is the derivative of the plastic strain rate 
with respect to the rate of the plastic variable p. As a conse-
quence, the variations of �p and p are related by

From the practical point of view, the evolution of �p would 
be determined by the evolution of p and the state of n̂ . For 
instance, for the case of J2 (or Von Mises) plasticity,

where s is the deviatoric part of the stress tensor, whose 
state is given, in principle, by the displacement and the dam-
age variable. This dependency has to be handled in a cor-
rect way when devising algorithms to solve the incremental 
problem. For the case of J2 plasticity, the dependency of n̂ 
with respect to the plastic strain can be dealt with using the 
concept of elastic trial state [10].

6.2  The Energy

Once the state variables have been determined, one has to 
postulate both the stored energy and the dissipation (pseudo) 
potential. In order to consider hardening plasticity, we con-
sider here that the stored energy density function is the sum 
of two terms: an elastic part � e and a plastic part � p , i.e., 
� = � e + � p . With regard to the plastic potential, we con-
sider the following:

From (50) and (122), the stored energy of the solid 
E = ∫

�
�d� is defined as

(120)𝛿�p = n̂𝛿p.

(121)n̂ =
1

||s|| s

(122)� p(p, �) =
1

2
H(�)p2.

The elastic part �e depends only on the reversible part of 
the strain, which, having in mind the additive decomposi-
tion (117), depends on u through the small strain tensor and 
depends on p through the plastic strain.

Regarding the dissipation, we need expressions both for 
the damage dissipation and the plastic dissipation:

where �d is the damage length scale, �p is a parameter that 
introduces a characteristic length for eventual plastic local-
ized dissipation bands and �p(�) is a threshold for plasticity. 
As mentioned above, we consider gradients both of � and 
p. Then, after integrating first in time and then in space, the 
work dissipated by the solid is obtained:

To keep the explanation simple, we do not consider external 
forces. Then the total energy of the solid reads

6.3  Energetic Formulation

Irreversibility
In this case, the condition of irreversibility implies impos-

ing �t+�t ≥ �t and pt+�t ≥ pt.

(123)
E[u, p, �] = ∫�

(� e(�e) + � p(p, �))dV

= ∫�

(
1

2
�
e ∶ �(�e, �) +

1

2
H(�)p2

)
dV .

(124)

𝛷p =
(
𝜎p(𝛼)

)
ṗ + 𝜕t

(
1

2
𝜂p(𝛼)

2∇p ⋅ ∇p
)

𝛷d = w�(𝛼)�̇� + p𝜎�

p
(𝛼)�̇� + 𝜕t

(
1

2
𝜂2
d
∇𝛼 ⋅ ∇𝛼

)

𝛷(p, 𝛼, ṗ, �̇�,∇ṗ,∇�̇�) = 𝛷p +𝛷d

=
(
𝜎p(𝛼)

)
ṗ + 𝜕t

(
1

2
𝜂p(𝛼)

2∇p ⋅ ∇p
)

+ w�(𝛼)�̇� + p𝜎�

p
(𝛼)�̇� + 𝜕t

(
1

2
𝜂2
d
∇𝛼 ⋅ ∇𝛼

)
,

(125)
D[�, p] =∫�

(
�p(�)p +

1

2
�p(�)

2∇p ⋅ ∇p
)
dV

+ ∫�

(
w(�) +

1

2
�2
d
∇� ⋅ ∇�

)
dV .

(126)

W[u, �, p] =E[u, p, �] +D[�, p]

=∫�

(
� e(�e(u, �p(p), �) +

1

2
H(�)p2)

)
dV

+ ∫�

(
�p(�)p +

1

2
�p(�)

2∇p ⋅ ∇p
)
dV

+ ∫�

(
w(�) +

1

2
�2
d
∇� ⋅ ∇�

)
d�.

Fig. 7  Plastic strains are irreversible
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Stability
Taking variation with respect to the energy of the solid 

(126), and using the additive decomposition (117), the sta-
bility principle reads

where the notation defined in (53), in order to differentiate 
traction from compression, and the fact that 𝛿�p = n̂𝛿p have 
been used. As mentioned above, n̂ is the direction of plastic 
flow. From this general expression, particular consequences 
of interest can be obtained.

– For �p = �� = 0 : 

 This the expression of the principle of virtual work when 
external loads are not considered.

– For �u = 0 and �� = 0 : 

 For J2 plasticity, one has 

 This is the weak form of the yield condition. Moreover, 
‖s(�)‖ is the norm of the deviatoric part of the stress ten-
sor, which is proportional the the direction of plastic flow 
for J2 plasticity. Using standard arguments, the strong 
form can be obtained: 

 This is an extension of the Von Mises criterion when 
gradients of the plastic variable are considered.

– For �u = 0 and �p = 0 : 

W(u, 𝛼, p, 𝛿u, 𝛿𝛼, 𝛿p)

= �𝛺

[
�(�e, 𝛼) ∶ �(𝛿u)

+
(
−�(�e, 𝛼) ∶ n̂ + 𝜎p(𝛼) + H(𝛼)p

)
𝛿p + 𝜂p(𝛼)

2∇p ⋅ ∇𝛿p

+

(
1

2
𝜉(𝛼)�+

0
∶ (� − �

p) +
1

2
H�(𝛼)p2 + 𝜎�

p
(𝛼)p

+ w�(𝛼) + 𝜂p(𝛼)𝜂
�

p
(𝛼)∇p ⋅ ∇p

)
𝛿𝛼 + 𝜂2

d
∇𝛼 ⋅ ∇𝛿𝛼

]
d𝛺 ≥ 0

(127)∫�

�(�e, �) ∶ �(�u)dV = 0.

�𝛺

((
−�(�e, 𝛼) ∶ n̂ + 𝜎p(𝛼) + H(𝛼)p

)
𝛿p

+𝜂p(𝛼)
2∇p ⋅ ∇𝛿p

)
dV ≥ 0.

(128)��

��
‖s(�)‖ − �p(�) − H(�)p

�
�p

−�p(�)
2∇p ⋅ ∇�p

�
dV ≤ 0,

(129)
fp(u, p, �) = ‖s(�)‖ − �p(�) − H(�)p + �p(�)

2∇ ⋅ ∇p ≤ 0.

(130)

��

[(
1

2
��(�)�+

0
∶ (� − �

p) +
1

2
H�(�)p2 + ��

p
(�)p

+w�(�) + �p(�)�
�

p
(�)∇p ⋅ ∇p

)
�� + �2

d
∇� ⋅ ∇��

]
dV ≥ 0,

 which is the weak form of the damage condition. After 
using standard arguments, one obtains: 

Energy balance
The energy balance has the following expression:

We can consider some cases now.

– For u̇ = 0 and �̇� = 0 , using expression (129), one obtains 
the consistency condition for plasticity: 

– For u̇ = 0 and ṗ = 0 , using expression (131), one gets the 
consistency condition for damage: 

6.4  Localization in a Band with Null Bandwidth

Now we analyze the behaviour of the gradient model as the 
bandwidth goes to zero. We consider gradients only for the 
damage variables and deal with the case of perfect plastic-
ity. In this case, there are mathematical results that can be 
found in [8, 18]. Both consider the case of antiplane shear. 
We are more interested in [18], because it is more similar to 
the model considered here. This reference considers energy 
of the type

where �  is a manifold of codimension 1, which corresponds 
to a localization band of zero width, whereas [[u]] is the jump 
in the displacement field through �  . As you can see, this 
type of resulting energy corresponds to an energy for a solid 
a cohesive surface, which can be viewed as a localization 
band of zero width.

(131)

fd(u, p, �) = −
1

2
�(�)�+

0
∶ (� − �

p) − ��

p
(�)p

−
1

2
H�(�)p2 − w�(�) − �p(�)�

�

p
(�)∇p ⋅ ∇p

+ �2
d
∇ ⋅ ∇� ≤ 0.

(132)

∫𝛺

[
−�(�e, 𝛼) ∶ �(u̇) +

(
�(�e, 𝛼) ∶ n̂ − 𝜎p(𝛼) + H(𝛼)p

+𝜂p(𝛼)
2∇ ⋅ ∇p

)
ṗ +

(
−
1

2
𝜉(𝛼)(� − �

p) ∶ �
+

0

−
1

2
H�(𝛼)p2 − 𝜎�

p
(𝛼)p − w�(𝛼) − 𝜂p(𝛼)𝜂

�

p
(𝛼)∇p ⋅ ∇p

+ 𝜂2
d
∇ ⋅ ∇𝛼

)
�̇�
]
dV = 0.

fp(u, p, 𝛼)ṗ = 0.

fd(u, p, 𝛼)�̇� = 0.

(133)
W[u,� , [[u]]] = E[u] + S[� , [[u]]]

= ∫�

(� (�(u))dV + ∫�

(�([[u]]))dS
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6.5  Discretization

Consider the discretization of the gradient model with finite 
elements. It is possible, then, to use standard finite element 
spaces. We can approximate the primal fields u , p, and � by 
uh , ph and �h , belonging to spaces of finite dimension. The 
parameters defining each element of these spaces can be 
grouped in a finite dimensional vector for each field: � , � 
and � , respectively. Considering that we are using finite ele-
ments, these parameters correspond to the approximations of 
the fields at the nodes of the finite element mesh.

Then, as done for the damage model, we can define the 
following objective function:

6.5.1  Staggered Algorithm

We describe now an incremental-iterative-staggered algo-
rithm to deal with the discrete energy (134). The iterative 
process is based on minimizing only one variable at the time. 
This takes advantage of the fact that the energy is convex 
with respect at each variable.

For a given load state at time t, one wants to determine 
[�t,�t,�t] . The following tolerances are considered: Tu , Tp 
and Td , with a maximum number of iterations kmax.

(134)Wh(�,�,�) = W[uh, ph, �h].

6.6  Representative Computational Example

The variational framework presented here is not only a very 
elegant theory. It is also a very powerful basis to devise 
computational models for non-linear solids. We present here 
an example that illustrates the possibilities of the framework. 
It is related to the case of degrading elasto-plastic materi-
als. We use the energy defined in Eq. (126). No hardening 
( H(�) = 0) is considered and the gradients of the plastic var-
iable are excluded from the energy ( �p(�) = 0 ). The example 
was solved in [5] using a similar model.

We are mainly concerned here with qualitative features, in 
the spirit of a systematic review. For quantitative results, the 

reader is referred to [63, 67]. In the former reference, results 
regarding the objectivity of the dissipation with respect to 
mesh refinement in a 1D case is verified numerically. The 
latter, deals with the 2D case and shows through numeri-
cal experimentation that the approach is sensitive neither 
to mesh refinement nor to mesh alignment. That paper also 
shows that the model is able, with a convenient selection of 
parameters, to deal with both brittle and ductile fracture.

The example allows us to see how the phase field ( � ) is 
able to describe the evolution of the localization band from 
nucleation to total failure, passing through several states of 
propagation, see Fig. 8. The specimen is subjected to pre-
scribed displacements on the top, which increase monotoni-
cally with time. It is clear that the approach is able to capture 
a typical path expected for J2 plasticity. A complex failure 
mechanism is captured. After the onset, a shear-band type 
failure develops, which grows until total failure occurs, as 
can be seen in Fig. 9.

7  Concluding Remarks

The use of variational methods in mechanics has a very 
long and fruitful history. In continuum mechanics, it has 
always attracted a great deal of attention as an elegant 
way to write boundary value problems. The energetic 

interpretation that can be given to the functionals involved 
has meaningful implications. However, their use for the 
modelling of solids undergoing strain localization has been 
less extended. Moreover, not many approaches have taken 
the path to the computational modelling of strain localiza-
tion in a variational setting until recently.

In the last few decades, there has been an explosion 
of research for the variational modelling of fracture, spe-
cially when using some kind of phase-field approach. In 
this contribution, we have taken a step towards thinking 
about the general phenomenon of strain localization from 
a variational perspective in a systematic way. Our main 
focus has been on laying down the conceptual basis in an 
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explicit and clear manner, mainly directed to researchers 
in the computational mechanics community.

It is important to say that we have remained within 
the class of quasi-static rate-independent processes. 

The treatment of processes where inertial effects are not 
neglected can be found in [37]. Also, a very elegant sys-
tematization of the variational approach to fracture and other 
inelastic phenomena can be found in [22] for the 1D case.

Fig. 8  Evolution of a localiza-
tion band

Fig. 9  Onset (left), shear band 
mechanism (middle), total 
failure (right)
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