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Abstract High-resolution images of environmental variables are highly valuable sources of information
in research and environmental management. Obtaining spatially continuous information from ground
observations is challenging due to the wide variety of factors that affect classical interpolation methods.
While geostatistical methods have produced noteworthy results, they generally rely on important
assumptions and strongly depend on the availability of observed data. In turn, satellite-based or
model-based gridded images generally represent the global spatial structure of environmental variables
but are subject to bias. With the objective of exploiting the benefits of both sources of information, we
propose a new mathematical formulation to merge observed data with gridded images of environmental
variables using partial differential equations in a variational setting. With a convenient functional, formed
as the sum of two competing terms, two simultaneous goals are achieved: to improve the description of
the spatial structure in maps generated by simple deterministic interpolation methods and to increase
the reliability of satellite-based or model-based images. Either satellite-based or model-based information
is included in a regularity term to provide the global spatial structure, while in situ data are included in a
fidelity term. The resulting maps can be considered a merging of interpolated in situ data with satellite
or model imagery. The method is first evaluated using simulated images generated by geostatistical
simulation and then applied to actual temperature and precipitation data in selected regions in the Tropical
Andes. The results indicate that the method is capable of generating realistic maps while performing well
in terms of validation.

1. Introduction

Quasi-continuous and reliable data of environmental variables represented by pixelated images are a highly
valuable source of information, which are usually difficult to acquire. Therefore, the development and
evaluation of reliable and robust mapping methods is a topic of great interest in environmental studies.
Environmental data are mostly obtained from two sources of information: point sampling (in situ data) and
remote sensing (e.g., satellite images). Another valuable source of information is given by the results of mod-
els, such as global circulation models or regional climate models. While in situ data can be considered a very
accurate source of information, they are often obtained through point samples in sparse monitoring networks.
On the other hand, satellite-based and model-based images generally capture the global spatial structure,
that is, the expected spatial transitions of a given variable. However, they are often subject to bias and/or poor
spatial resolution, providing unreliable values. Therefore, merging methods, which combine gridded images
(either satellite-based or model-based) with point samples, are of particular interest, given that they exploit
the benefits of both types of information: the accuracy of ground observations with the spatial structure of
images obtained either from remote sensing or from environmental models.

Images of environmental variables can be obtained by interpolation of point samples. In general, spatial inter-
polation methods can be classified into three categories: (1) deterministic methods (e.g., inverse distance
weighting), (2) geostatistical methods (e.g., ordinary kriging), and (3) combined methods (e.g., regression
kriging) (Li & Heap, 2008). These have been successfully applied in the past to generate maps of environmental
variables, particularly when combined with auxiliary data in multivariate models. For instance, a geostatistical
method with the inclusion of topographic variables was applied in Diodato (2005) to map precipitation fields.
In Ninyerola et al. (2000), a regression model, including a cloudiness factor, solar radiation, and topographic
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features, was used to generate precipitation and temperature fields. Furthermore, machine learning methods
were evaluated and combined with classic interpolation methods for mud content fields in Li et al. (2011).

Classic interpolation methods that only use point samples fail in sparsely monitored regions. Therefore,
quasi-continuous data from gridded images represent an important complement of ground observations.
One of the most important sources of such data is satellite imagery, as evidenced by a wide variety of studies
that focus on the enhancement of satellite-born images. For instance, several studies focus on the downscal-
ing of the Tropical Rainfall Measuring Mission (TRMM) precipitation data set. For these procedures, refer to
Chen et al. (2014), Immerzeel et al. (2009), and Jia et al. (2011) for multivariate regression-based methods and
Jing et al. (2016), Shi and Song (2015), and Shi et al. (2015) for multivariate machine learning methods.

Assuming that gridded images with a relatively high resolution are available, merging methods can be applied
to improve their accuracy by incorporating information from ground observations. The methods that are
usually applied are based on statistical frameworks. For instance, predicted images can be obtained from
regression models, from which the errors are computed at the observation points. The errors are then inter-
polated using classic interpolation techniques, resulting in an error image that is added to the predictions.
An example of this is the well-known regression kriging method (see Hengl et al., 2007, for details on this
method). This has been applied, for instance, in gauge-satellite merging methods for precipitation estimates,
for which we refer the reader to Almazroui (2011), Álvarez-Villa et al. (2011), Cheema and Bastiaanssen (2012),
Hunink et al. (2014), Ulloa et al. (2017), Manz et al. (2016), and Yang et al. (2017). Other methods that are worth
highlighting apply bias correction previous to merging. For example, see Shen et al. (2014) for gauge-satellite
merging using probability-density-function bias correction and an optimal interpolation method and
Yang et al. (2017) for quantile mapping bias correction followed by an inverse-root-mean-square-error
weighting approach.

The above mentioned studies have provided fruitful insights for the enhancement of satellite images by
downscaling and merging techniques, particularly by exploiting data from auxiliary variables. However, ade-
quate images of auxiliary variables are often difficult and expensive to obtain. In addition, the methods that
are commonly used have a strong dependence on both the nature of the target variable and the charac-
teristics of the available data (Li & Heap, 2011), and generally require significant assumptions due to their
statistical framework (Hengl, 2009). For instance, in regression-based models, the assumptions generally
include normality of the input data, residuals that are not correlated with the input data and homoscedasticity
of residuals. Moreover, the use of geostatistical techniques is feasible when a considerable spatial autocorrela-
tion exists, and implies assumptions regarding stationarity. These limiting factors make it difficult to determine
when a method is appropriate and when reliable results are expected. Therefore, in this work, we take a depar-
ture from classic interpolation methods used in the context of data merging. Instead, we rely on ideas from
variational approaches, which have been widely used in image processing.

The foundation of variational formulations is the definition of a continuous energy-type functional, from
where a governing partial differential equation (PDE) stems out through arguments of the calculus of
variations (for an extensive review on these formulations applied to image processing, refer to Aubert &
Kornprobst, 2006). Although the solution of the PDE is obtained in a discrete fashion, the continuous frame-
work provides an easy understanding of the physical quantities of the target variable and an intuitive
approach for developing models (Aubert & Kornprobst, 2006). One of the most notable applications of this
approach is image segmentation. This can be traced back to the work of Mumford and Shah (1989), where
a functional resulting in a free discontinuity problem was proposed. To solve this problem, Ambrosio and
Tortorelli (1990) proposed a regularized functional that approximates discontinuities in Sobolev space and
Γ-converges to the original problem of Mumford and Shah (1989). Another important topic of image process-
ing that can be tackled with a variational approach is image inpainting, where missing or damaged portions
of an image are filled with the solution of a PDE. For variational approaches to these techniques, we refer to
the work of Shen and Chan (2002), where the total variation approach was explored. Moreover, a formula-
tion based on image segmentation, specifically, on the Mumford and Shah model, was discussed in Shen and
Chan (2002) and further developed in Esedoglu and Shen (2002). Ideas of image inpainting, although not in a
variational setting, were used by Strong and Golden (2016) to fill in sea ice concentrations in the North Pole.

In the context of merging point samples with gridded images, we propose a variational method to obtain
reliable maps of environmental variables. Due to the mathematical setting in which it is built, our formula-
tion does not depend on the commonly required assumptions of statistical frameworks. The main objective
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is to obtain a merged image as the solution of a PDE, which combines two known images: (1) an
observation-based image obtained with a simple deterministic method (e.g., inverse distance weighting)
and (2) a gridded image (either satellite-based or model-based). This setting combines the benefits of
both sources of information as follows: the gridded image provides the global spatial structure, while the
observation-based image provides realistic values that correct the bias of the gridded image. Thus, a hybrid
product is generated, with a plausible spatial structure that, nevertheless, resembles the observed data. These
considerations are somewhat related to the ideas of Shen et al. (2014) and Manz et al. (2016), where it is
assumed that satellite images capture the main spatial patterns, but are subject to bias, which is corrected
using ground observations. However, our approach is fundamentally different, since we propose a variational
method that is intrinsically deterministic and, therefore, does not rely on the statistical tools that are applied
in these past approaches.

In order to test the method, we first perform a synthetic study using simulated data. This allows for a con-
trolled analysis of the capability of the variational method to tackle different hypothetical scenarios. Then,
we analyze two atmospheric variables: temperature and precipitation. The selected study areas are highly
regarded regions for climate analysis in the Tropical Andes. We deal with a case study for each variable, using
observed data, satellite-based products (in the case of precipitation) and results of a climate model (in the case
of temperature). The validation methodology is designed to test if the resulting images conform with the two
competing aspects of our general objective: a realistic spatial structure and an acceptable degree of fidelity
to the observed data. With regard to the first aspect, the quality of the resulting images is analyzed, testing
the capability to properly represent the structure of a given environmental variable in space. For the second
aspect, the predictive skill of the variational method is tested via cross validation with observed data. In addi-
tion, we use images resulting from ordinary kriging and inverse distance weighting, as well as the original
gridded images as control alternatives.

2. Variational Formulation

In this section, we present the mathematical formulation of our variational approach to image merging, where
we employ some ideas from the field of image processing. More specifically, we take, as a conceptual point of
departure, the energy method for image restoration (Aubert & Kornprobst, 2006). The goal in image restora-
tion is to arrive to a deblurred image from a degraded one. In order to achieve this objective, the simplest
version of the variational approach considers two competing terms, whose sum has to be minimized: a fidelity
term, that tends to keep the resulting image faithful to the input image, and a regularization term, intended
to eliminate noise. The regularization term includes the gradient of the resulting image, which entails a ten-
dency to flatten it. We use these ideas here, specially the idea of having two competing terms. However, there
are two main differences between our formulation and the energy method for image restoration. First of all,
we use two input images instead of one: an interpolation of point observations and a gridded image. Second,
instead of having a regularizing term that flattens the resulting image, we include a term designed to capture
the spatial structure of the gridded image, which we refer to as the regularity term.

2.1. Energy Functional
Consider an environmental variable characterized by a scalar field u, continuously represented by an image
over a domain Ω ⊂ R

2. The main idea behind the variational formulation, as applied in image processing, is
to let u satisfy a PDE, which is obtained by arguments of the calculus of variations. In its most general form,
this is a problem of the type

argminu(u), (1)

where  is an energy-type functional, generally convex with respect to u.

For our purposes, let û be a known field of an environmental variable, which is assumed to have reliable values.
In turn, v is an image of the same variable that properly represents the global spatial structure. With these
definitions, we propose a global energy functional of the form

(u) ∶= 𝜂2

2 ∫Ω
‖∇u − ∇v‖2dΩ + 1

2 ∫Ω
(u − û)2dΩ, (2)
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where 𝜂 ≥ 0 is a constant that can be considered a characteristic length. Note that the gradients imply that
this term has the units of length. Considering (1), the purpose of the first term of equation (2) is to provide
u with gradients of the same nature as v. Given that v is assumed to capture the spatial structure, the effect
of this term can be viewed as a form of ensuring regularity, avoiding unrealistic transitions across u. On the
other hand, the second term is denoted as the fidelity term and allows u to resemble the reliable values of
the field û. Note that the effect of each term is controlled by the characteristic length: as 𝜂 increases, the
regularity term gains influence, and the spatial structure of u tends to the spatial structure of v. In contrast,
as 𝜂 tends to zero, the fidelity term gains influence and the field û is recovered.

2.2. Governing Equation
The problem represented by (1) is solved by taking variations with respect to u in equation (2). This leads to

d(u + 𝜖ũ)
d𝜖

||||𝜖=0
= ∫Ω

(𝜂2∇ũ ⋅ ∇u + ũu)dΩ − ∫Ω
(𝜂2∇ũ ⋅ ∇v + ũû)dΩ = 0, (3)

from where u can be obtained given û and v. Note that equation (3) must hold for any variation ũ that satis-
fies the Dirichlet boundary conditions (𝜖 is a parameter that takes values from the set of real numbers). This
equation assumes null Neumann boundary conditions, and can be solved without the imposition of Dirichlet
conditions. Standard arguments show that equation (3) represents the weak form of the PDE

𝜂2∇ ⋅ ∇(u − v) − (u − û) = 0.

Obtaining u from the solution of a PDE allows the use of widely studied numerical tools, which is an advantage
in terms of accuracy, speed, and stability (Song, 2003). It is important to mention that this PDE, along with the
above mentioned boundary conditions, forms a well-posed boundary value problem (BVP).

2.3. Discrete Description
At this point, we must highlight that the continuous setting in which the formulation is written implies
continuous fields u, û, and v, which can be thought as analog images. However, the weak form (3) is numer-
ically solved in a spatially discrete fashion, so that the variables involved are representable in the form of
digital images. Thus, denoting the discrete versions of u, û, and v by u, û, and v, respectively, we consider
the following:

1. v is obtained from satellite-based or model-based images. Therefore, v should properly represent spatial
structure, even if the values are subject to bias.

2. û is obtained from point samples using a simple and deterministic interpolation method. Due to the usual
sparseness of the monitoring network, localized effects in the neighborhood of the observation points
are expected, resulting in an unrealistic spatial structure. The interpolation points must match the pixel
coordinates of v.

3. u is obtained at a finite number of locations, whose coordinates coincide with the pixel coordinates of v
and û.

2.4. Numerical Solution
To solve equation (3) in a discrete fashion, we apply the finite element method, which is a natural option to
solve the weak form of a BVP numerically. For the finite element method, we refer the reader to Hughes (2012).
For the solution of the BVP (3), we use three-node triangular elements for the spatial discretization. Then, the
field u is approximated by the trial solution uh (in our case, a continuous, piece-wise linear function), where
we follow a standard notation in the finite element literature (h denotes the characteristic length of the dis-
cretization; that is, the trial solution should converge to the real solution as h goes to zero). The approximating
field inside a triangular element can be expressed as follows:

uh =
[

N1 N2 N3

]
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

Nel

⎡⎢⎢⎣

u1

u2

u3

⎤⎥⎥⎦
⏟⏟⏟

uel

, (4)
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where Nel is the elemental shape function matrix containing the shape functions Ni for nodes i = 1, 2, 3 and
uel is the elemental vector containing the nodal values of uh. Note that the subscript el indicates element
vectors and matrices. The vector field ∇u is approximated within an element by

∇uh =
⎡⎢⎢⎢⎣

𝜕N1

𝜕x

𝜕N2

𝜕x

𝜕N3

𝜕x

𝜕N1

𝜕y

𝜕N2

𝜕y

𝜕N3

𝜕y

⎤⎥⎥⎥⎦
⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟

Bel

⎡⎢⎢⎣

u1

u2

u3

⎤⎥⎥⎦
. (5)

With definitions (4) and (5), and using the standard assembly operator on the element vectors and matrices
(Hughes, 2012), the global equation (3) can be rearranged and written in discrete form as follows:

∫Ω
(𝜂2BT B + NT N)dΩu = ∫Ω

(𝜂2BT Bv + NT Nû)dΩ, (6)

where v and û are the global vectors containing the nodal values of v and û, respectively. Note that the
subscript el is no longer used, indicating global vectors and matrices. Equation (6) can be expressed as

(𝜂2K + M)u = 𝜂2Kv + Mû, (7)

from where u can be readily obtained after assembling the global matrices K and M, given by

K = ∫Ω
BT BdΩ and M = ∫Ω

NT NdΩ. (8)

The nature of the final image u, represented by u, strongly depends on the characteristic length, which is only
bounded by 𝜂 ≥ 0. Thus, we define 𝜂 as follows:

𝜂 = 𝜂0
tr(M)
tr(K)

with 𝜂0 ≥ 0, (9)

which allows for a control of the characteristic length in more convenient orders of magnitude.

3. Case Studies

This section is devoted to the evaluation of the variational method using three different case studies: (1) a
synthetic study with simulated data, (2) temperature images, and (3) precipitation images. In all cases, inverse
distance weighted (IDW) interpolation with a weighting power of 2 is chosen as a default method to obtain û,
which complies with the criterion of using a simple and deterministic setting for the proposed methodology
(although the formulation in its general form is not limited to this choice of û). For the numerical simulations,
a structured triangular mesh was used, where the nodes coincide with the pixel coordinates of the images
representing v and û.

The purpose of the synthetic study is to illustrate the capability of the variational method to fulfill its objec-
tive: to generate accurate spatial predictions with a realistic spatial structure. For this purpose, we investigate
how different hypothetical scenarios related to the characteristics of the input data influence the results. The
advantage of using simulated data is that a ground truth image can be defined, which allows for validation
in a controlled setting. Validation is performed by comparing the pixel values of u, û, and v with the corre-
sponding values of the ground truth image. This analysis is performed for different scenarios to present some
initial results regarding the characterization of 𝜂0 for different case studies. In addition, the effect of the low
performance of û in poorly sampled regions is assessed.

Then, we present some results considering real case studies. For this purpose, the variational method was
evaluated by running simulations with two highly regarded atmospheric variables at a monthly time scale:
average temperature and total precipitation. In order to assess if the objectives are attained, we devise a
two-part validation methodology: (1) qualitative analysis of the final images to test the capability to represent
spatial structure and (2) statistic validation with observed data to analyze the spatial predictive skill.
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Figure 1. Digital elevation map [m above sea level] of the regions considered for the case studies of temperature and precipitation; the temperature study is
conducted across Ecuador, while the precipitation study is conducted across the Paute Basin.

For the first part, the resulting images were qualitatively analyzed. A realistic map should display surfaces
that capture the expected global structure of the target variable without unrealistic localized effects. For the
second part, in contrast to the synthetic study, validation was performed by comparing the time series from
in situ data with the time series of the corresponding pixels in u, û, and v. It is worth noting that, in this study,
a constant value of 𝜂0 is used for the time series. A more detailed analysis would involve, for instance, tuning
this parameter for each month of the year, at the expense of higher computational cost. In order to assess the
ability to predict time series at a given spatial point, the leave-one-out scheme was used. In this procedure,
the method is applied by alternatively removing a sampling point (in this case, the time series of a monitoring
station) and validating, in each case, at the removed point. We rely on this methodology to avoid the risk
of removing representative data for control from the rather low number of available stations. Statistics were
computed comparing the time series predicted by the method with the time series of the stations. Squared
correlation coefficients (R2) were considered to test how seasonality is captured. Also, the root-mean-square
error (RMSE) and percent bias (PBIAS) were used for validation. In order to summarize these results for the
whole domain, median and interquartile range (IQR) values of the statistics were chosen as measures of spatial
central tendency and dispersion, respectively, due to their robustness.

For both parts of the validation, different values of 𝜂0 were used, ranging from ≈1 × 10−3 to ≈1. The perfor-
mance of the images produced by the variational method was compared to the performance of corre-
sponding images obtained by interpolation using ordinary kriging (OK) and IDW, as well as to the gridded
images.

The geographic location of the temperature and precipitation studies is shown in Figure 1. It must be clear
that the objective of these studies is not to characterize the climate of a specific region, but to investigate
the capabilities of the proposed approach in study areas with complex climate and poor monitoring. For this
reason, we have selected two different variables, two different sources of information for v, and two different
domains for these case studies. Given that the adopted study areas are sparsely monitored and are character-
ized by complex climate, the results strongly reflect the capability of the proposed method to yield reliable
spatial data.

3.1. Synthetic Study
The analyses that follow for the synthetic study focus on two main aspects of the input data: the spatial dis-
tribution of error in v and the spatial availability of the observations used to generate û. For the first aspect,
a case including an added constant spatial error is considered, followed by a case in which the added error
varies spatially. These analyses illustrate the response of the method to variations of the characteristic length
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Figure 2. Bilinear error surface in v for the synthetic study.

𝜂0, which provides insight into its optimum values in terms of the accuracy of the result-
ing image. For the second aspect, the dependence of the variational method on the
performance of IDW interpolation is assessed by considering unsampled subregions,
where IDW is clearly deficient.
3.1.1. Data Generation
3.1.1.1. Ground Truth
Ground truth images with different spatial characteristics were generated using geosta-
tistical simulations with different variogram definitions (see Hengl, 2009). These images
are intended to simulate different hypothetical variables and were generated over a
grid of 500 × 500 pixels. The following models were considered in the analyses:

1. Model 1: A noisy field with weak spatial autocorrelation. An exponential variogram
model was used, with a nugget value of 0.001, a sill value of 0.025, and a range of 10.

2. Model 2: A relatively continuous field with strong spatial autocorrelation. A Gaussian
variogram model was used, with a nugget value of 0.001, a sill value of 0.04, and a
range of 50.

3. Model 3: A field with moderate spatial autocorrelation. An exponential variogram
model was used, with a nugget value of 0.001, a sill value of 0.025, and a range of 20.

4. Model 4: A field with spatial trends and moderate spatial autocorrelation. An expo-
nential variogram model was used, with a nugget value of 0.001, a sill value of 0.025,
and a range of 20. In addition, linear dependence on the pixel coordinates was
introduced as a spatial trend.

For all models, ground truth images with a mean value of 1 were generated. Hereafter, the ground truth fields
are referred to as ugt .
3.1.1.2. Simulated v Images
In order to simulate the characteristics of gridded satellite-based or model-based images, two steps were
taken to obtain v. First, as a low-pass filter, average resampling of ugt was applied at a resolution of 50 × 50
pixels. This resampled image contains errors due to the loss of spatial information, which is inherent in any
satellite-based or model-based image due to the limited spatial resolution and can generally not be accounted
for without reliable data at a higher resolution. As a second step, an additive error was introduced, considering
both uniform and variable spatial distributions. For the case of uniform additive error, a constant value of 0.5
was added to the resampled image, while for the case of variable additive error, a spatially correlated surface
was added, which is shown in Figure 2. This surface is intended to represent the case of images whose accuracy
varies between particular subregions and was obtained using bilinear interpolation, where the values were
fixed at the bottom left, bottom right, top right, and top left corners at, respectively, 0.8, 0.2, 0.8, and 0.2.
3.1.1.3. Simulated û Images
To obtain û, random samples were taken from ugt. Then, û was obtained using IDW interpolation at a reso-
lution of 50 × 50 pixels. In order to investigate the performance of the variational method in regions with a
poor distribution of sampling points, the number of samples was reduced from 50 to 32 and to 18, purposely
leaving unsampled subregions.

Figure 3 shows the initial distribution of the 50 sampling points over ugt for the three models, where the
differences in spatial autocorrelation can be visualized.
3.1.2. Influence of the Spatial Distribution of Additive Error in v
The influence of 𝜂0 in terms of accuracy is directly related to the spatial distribution of the errors in the input
image v, which is represented by the additive error. The sensitivity of the variational method to variations of
𝜂0 for the three models is shown in Figure 4 for uniformly distributed additive error and in Figure 5 for variable
additive error. The following values of 𝜂0 were used: 1 × 10−5, 1 × 10−4, 1 × 10−3, 5 × 10−3, 1 × 10−2, 5 × 10−2,
1 × 10−1, 5 × 10−1, 1, 2, 5, 10, 20, and 50. The graphs from Figures 4 and 5 show the norms of the competing
terms in the energy functional (‖∇u − ∇v‖2 and ‖u − û‖2), as well as the error norm of the resulting image
with respect to the ground truth (‖u − ugt‖2) as a function of 𝜂0.

The influence of the characteristic length in the competing terms, namely, the fidelity term and the regularity
term, can be easily observed. Clearly, u tends to û for small values of 𝜂0, and the gradients of u tend to ∇v as
𝜂0 increases. This behavior is independent of the spatial distribution of error in v. Also, for both additive error
distributions, ‖u − ugt‖2 is higher in Model 1, followed by Model 4, Model 3, and Model 2, which suggests
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Figure 3. Maps of ugt for Model 1 (noisy image), Model 2 (strong spatial correlation), Model 3 (moderate spatial
correlation), and Model 4 (moderate spatial correlation and spatial trend). The corresponding initial sampling points are
represented by red points.

that variables with less spatial correlation are more prone to error. This is an expected result, given that noisy
fields contain stronger spatial variability that is not well captured by the input data. Moreover, note that only
a slight difference is observed between the errors of Model 3 and Model 4 for small values of 𝜂0, and almost
no difference is observed as 𝜂0 increases. Thus, a significant influence of spatial trends is not observed in these
simulations. Note that in all cases, for 𝜂0 = 0, the error norm of the corresponding û image is recovered.

As 𝜂0 increases, the error norm of the variational method depends on the spatial distribution of the additive
error in v. The graph of Figure 4 corresponding to ‖u−ugt‖2 shows that for the case of uniform additive error,

Figure 4. Effect of varying the characteristic length considering uniform additive error in v for Model 1 (red), Model 2
(blue), Model 3 (orange), and Model 4 (green).
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Figure 5. Effect of varying the characteristic length considering variable additive error in v for Model 1 (red), Model 2
(blue), Model 3 (orange), and Model 4 (green).

higher accuracy is obtained as 𝜂0 increases, which asymptotically tends to a limit value. This value corre-
sponds to the error norm of a shifted version of v, for which the uniform additive error (0.5, as described in
section 3.1.1) has been eliminated. Thus, the image resulting from the first step of constructing v is recov-
ered, which contains the errors that cannot be accounted for in practice (in this case, the low-pass filter), as
knowledge of a ground truth field is practically impossible. Therefore, if bias with a relatively uniform spatial
distribution is expected in v, the optimum 𝜂0 is a sufficiently large value such that convergence is observed in
the competing terms of the functional; that is, the resulting images no longer vary significantly. In these sim-
ulations, this occurs at 𝜂0 = 10. The resulting image is essentially a direct translation of v by an amount that
converges to the uniform additive error.

On the other hand, for the case of variable additive error, Figure 5 also shows that the error norm decreases
as the characteristic length increases for low values of 𝜂0, but reaches a minimum at an optimum value of
𝜂0, and begins to increase asymptotically for higher values. For these simulations, the minimum error can be
observed at 𝜂0 = 2. Clearly, in this case, a direct translation of v does not reduce error in all subregions. Instead,
the optimum error reduction is attained by a balance of the competing terms in the functional, which results
in a version of v that is shifted and distorted, while maintaining the overall spatial structure. Therefore, if an
error with considerable spatial variability is expected in v, finding the optimum characteristic length is a more
cumbersome task that requires the tuning of 𝜂0 by using data from observations. At the current state of the
proposed framework, this difficulty can be tackled in practical terms by validating the gridded image in the
available station points first to check if the deviations are relatively uniform. If not, a trial-and-error tuning of
𝜂0 is required.
3.1.3. Influence of Unsampled Subregions
To illustrate the effect of the poor distribution of sampling points, we use the same fields shown in Figure 3,
but reduce the sampling of the bottom-half subregion. This sample reduction is shown in Figure 6 for Model
2. The reduction for the other two models is very similar and is not shown to avoid redundancy.

The error for different characteristic lengths is shown in Figure 7 for the three sampling cases: all the samples, a
poorly sampled subregion, and an unsampled subregion. In all cases, variable additive error in v is considered.

Figure 6. Sampling cases for Model 2.
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Figure 7. Effect of varying the characteristic length considering all the samples (solid line), a poorly sampled subregion
(dashed line), and an unsampled subregion (dotted line) for Model 1 (red), Model 2 (blue), Model 3 (orange),
and Model 4 (green).

The overall response of the error to variations in 𝜂0 remains the same for all cases, which indicates that the
optimum characteristic length is not strongly influenced by the distribution of sampling points.

Differences can be observed when comparing the four models in Figure 7. Models 2–4 show that the accuracy
of the variational method decreases when sampling is deficient. However, this effect is significantly low for
Model 3 and is no longer present for Model 1, where the case of the unsampled subregion outperformed
the case of the poorly sampled subregion. This result is related to the lower spatial autocorrelation in the
ground truth fields of Models 1 and 3, which makes it less likely that particular regions are left unsampled. In
addition, Model 4 shows a stronger influence of the distribution of sampling points than Model 3. Again, we
relate this to the idea that if subregions are left unsampled in a field with a particular subregion, it is more
likely that representative samples are missing. Nevertheless, within the context of this study, the important
conclusion to be drawn from this result is that the proposed method is able to perform well in cases where
the target variable presents a spatial trend. Nevertheless, further analyses concerning sampling in fields with
spatial trends are required to draw stronger conclusions, and we do not develop this further in this illustrative
synthetic study.

One of the main advantages of the variational method can be observed in Figure 8, which shows the differ-
ences in absolute value between {û, v, u} and the corresponding values of ugt for the case of the unsampled
subregion in Model 2. Clearly, IDW is expected to perform poorly due to the uneven distribution of samples.
This is reflected by areas with considerably large errors for û in Figure 8, which fall within the unsampled sub-
region (refer to Figure 6). In particular, notice the group of pixels with the largest errors, which can also be
distinguished in the map corresponding to u. Nevertheless, the magnitude of the errors for u is significantly
lower. Note that v also shows larger errors than u. This is a rather counterintuitive result in the sense that the
method performs well in regions where both input images contain inaccurate values. However, this is a direct
result of the formulation. Regarding the inaccurate values in v, recall that only the shape is adopted from v. On
the other hand, regarding the inaccuracy of IDW, note that although an undesirable effect can be observed,
its influence in the final results is significantly attenuated by the action of the regularity term, which inhibits
major deviations from the expected spatial pattern. For this example, the norm of the error images was 12.81
and 5.54 for v and û, respectively, and was reduced to 2.66 by the variational method with 𝜂0 = 2.
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Figure 8. Error maps of û, v, and u for the case of variable additive error and an unsampled subregion for Model 2.

The functionality of the variational method is noticeably illustrated in Figure 9, which shows the {û, v, u}
images along with the ground truth field ugt for the same case discussed above. In the unsampled subregion,
IDW yields a flat surface in û. However, u captures the variation due to the spatial patterns of v. Moreover, from
the perspective of v, u can be easily viewed as a version of v that maintains the spatial structure, but is shifted
and distorted to accommodate to the available observed values, which translates to a consistent error reduc-
tion. Moreover, it is clearly shown how the correspondence of the spatial structure of v with respect to ugt is
maintained by u, but the overestimation is no longer present. These results indicate that the low performance
of IDW in regions with deficient sampling does not necessarily represent a significant limiting factor for the
overall performance of the proposed method. This will be further discussed in the cases of temperature and
precipitation.

3.2. Temperature
The proposed method was tested with 2 m monthly average temperature at a 10 km resolution, covering a
period from January 2001 to December 2005. A domain covering the entire area of continental Ecuador was
adopted. This region provides a privileged zone for environmental studies due to its highly variable climate
across three contrasting climatic regions: the Coast, the Andes, and the Amazon (Ulloa et al., 2017). The climate
in Ecuador is modulated by a variety of factors, including orographic effects of the Andean cordillera and
synoptic influences, as detailed in Campozano et al. (2016).

3.2.1. Data
The fields v and û are defined as follows:

1. v was obtained downscaling CSIRO MK3-6-0 climatic results using the regional climate Weather Research
and Forecasting model (WRF) (see Skamarock et al., 2005, for details on WRF). The downscaled results (10 km
resolution) were obtained from the project Tercera Comunicación Nacional de Cambio Climático del Ecuador.
In this section, v will be generally referred to as WRF.

2. û was obtained with IDW interpolation of a monthly data set of 29 meteorological stations from the Instituto
Nacional de Hidrología y Meteorología (INAMHI), at a 10 km resolution. Figure 10a shows the gridded domain
for the study area and the distribution of monitoring stations. Due to the sparseness of the monitoring
network, IDW interpolation results in images with sharp gradients and unrealistic peaks. Hereafter, û and
the term IDW will be used interchangeably.

3.2.2. Spatial Representation
The proposed method allows the resulting images to capture the global structure better than classic inter-
polation methods while correcting the bias that is common in satellite-based and model-based imagery.
Thus, surfaces with a realistic spatial structure and accurate estimations are generated. These results can be
observed in Figure 11 for the case of temperature.

Given that the temperature field was analyzed in this study across the entire territory of Ecuador, a realistic
temperature image should present a clear distinction among the three contrasting climatic regions, namely,
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Figure 9. The û, v, u, and ugt images for the case of variable additive error and an unsampled subregion for Model 2.

the Coast, the Andes, and the Amazon. Nevertheless, the OK and IDW images in Figure 11 show very localized
regions, particularly along the Andes and toward the eastern border, where the stations are sparse. On the
other hand, the WRF images show cooler temperatures across the entire region, which is later reflected by
large negative PBIAS values in the validation section. However, the global spatial structure of the region is
properly captured by the WRF images.

Figure 11 shows that the variational method properly recovers the global spatial structure of the WRF images
and, at the same time, presents values that resemble the observed data. An important effect of the proposed
method can be appreciated when comparing the OK and IDW values with the variational method in the neigh-
borhood of the localized regions: the unrealistic peaks and drops of the IDW images are diffused across larger
regions, where no major change in gradients are present in the WRF images. This highlights the capability of
the variational method to exploit the global structure provided by v and avoid unrealistic spatial patterns.

3.2.3. Validation Over In Situ Data
A summary of RMSE, PBIAS, and R2 values between the time series of the observed data and the time series
of OK, IDW, WRF, and the variational method is presented in this section. To compute PBIAS, the temperature
data were transformed from ∘C to K. For OK, IDW, and the variational method with different values of 𝜂0, the
results correspond to the leave-one-out cross validation analysis.

The statistical values are summarized in Table 1. The validation analysis corresponding to the temperature
field indicates that the WRF images strongly underestimate temperature values across continental Ecuador,
with a median PBIAS of−2.95. This value was improved to−0.50 by the variational method with 𝜂0 = 5×10−3,
representing a reduction in absolute value by 83%. Although IDW and OK present better PBIAS values of
−0.15 and −0.10, their IQR are larger than those of the variational method, indicating a lower consistency
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Figure 10. Settings for the temperature scenario. (a) Gridded temperature domain; the station network used for
interpolation is represented by red points. (b) Selected temperature stations (shown in blue) for time series description.

throughout the region. Additionally, the variational method with 𝜂0 = 5×10−3 has the lowest median and IQR
values for RMSE, and a slightly higher median R2. Thus, we can conclude that the temperature field presents
more consistent statistical values as 𝜂0 decreases. Nevertheless, it should be noted that as 𝜂0 tends to zero,
the IDW image is recovered, resulting in an unrealistic temperature surface.

The capability of the variational method can be further observed by exploring the predicted time series in
representative stations. The selected stations for the temperature case are referred to as T1, T2, and T3 and
are shown in Figure 10b. The corresponding time series of u, IDW, and WRF are shown in Figure 12 and com-
pared to the observed records. Recall that the time series of both u and IDW correspond to the results of
the leave-one-out validation procedure. In all cases, WRF underestimates the observed values throughout

Figure 11. Monthly average temperature (∘C) in August 2005.
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Table 1
Median and IQR of the Statistics Between the Time Series of the Different Alternatives and the Observed Temperature Data

RMSE PBIAS R2

Median IQR Median IQR Median IQR

OK 2.19 2.64 −0.10 1.40 0.19 0.37

IDW 3.28 3.50 −0.15 2.08 0.52 0.53

Temperature WRF 8.72 2.01 −2.95 0.78 0.23 0.34

𝜂0 = 5 × 10−3 1.89 1.22 −0.50 0.85 0.53 0.46

𝜂0 = 1 × 10−2 2.15 1.95 −0.65 0.83 0.51 0.47

𝜂0 = 5 × 10−1 3.86 1.69 −1.30 0.63 0.49 0.40

the entire time period. However, the performance of IDW varies from station to station. In T1, IDW

performs better than the variational method. This result is attributed to the fact that the surrounding stations

are representative of the temperature in the Coast region and are relatively close to each other. In this case, the

variational method yields the best results for lower values of 𝜂0, which is consistent with the validation results

from Table 1. On the other hand, station T2 is located in the Andes, in a subregion with slightly denser mon-

itoring. Nevertheless, IDW no longer performs well, overestimating the observed values. The reason behind

this somewhat counterintuitive result is that T2 is a particular station, with lower temperature records than

the neighboring stations. In fact, station T2 is located at 3,058 m above sea level (asl), while the two clos-

est stations are located at 2,480 m asl and 2,789 m asl, so variations in temperature records are expected.

Thus, IDW is doomed to failure. However, the variational method performs very well, which is more evident

at 𝜂0 = 1 × 10−2. This result highlights the benefits of adopting the shape of v, limiting the impact of unre-

liable values of û in particular regions. This is further illustrated in station T3, which is a stand-alone station,

located far away from the rest of the sampling points. In this case, both IDW and WRF strongly underestimate

the temperature records. Nevertheless, the variational method approximates the observed records relatively

well with 𝜂0 = 5× 10−1. As shown in the synthetic study, the reason behind this attractive result is that even if

no reliable data are available in û in particular regions, the regularity term will limit the occurrence of strong

deviations in u.

3.3. Precipitation

As a third case study, the variational method was tested with monthly precipitation at a spatial resolution of

5 km. For validation purposes, data covering a time period from January 2001 to December 2011 were used.

The study area is represented by a rectangular domain containing the Paute basin in the Ecuadorian Andes,

which is a region of major scientific interest, as evidenced by several studies (see, e.g., Celleri et al., 2007 and

Campozano et al., 2016).

Figure 12. Temperature time series at the selected stations for the observed values (black lines), WRF (red), IDW (blue),
and the variational method with 𝜂0 = 5 × 10−3 (dark gray), 𝜂0 = 1 × 10−2 (medium gray), and 𝜂0 = 5 × 10−1 (light gray).
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Figure 13. Settings for the precipitation scenario. (a) Gridded precipitation domain; the station network used for
interpolation is represented by red points. (b) Selected precipitation stations for time series description.

3.3.1. Data
The discrete fields v and û are defined as follows:

1. v was obtained from satellite images. The well-known TRMM 3B43 V7 product was used (see Huffman et al.,
2007, for details on TRMM), and the images were bilinearly resampled to 5 km. It is worth mentioning that
the TRMM data set at its native resolution (≈27 km near the equator) could also be used; however, we opt
for the images resampled to 5 km, since they were already validated in our previous study (Ulloa et al., 2017)
across the entire territory of Ecuador. In this section, v will be generally referred to as PT5.

2. û was obtained with IDW interpolation at a 5-km resolution. A monthly data set of 20 rainfall stations from
the INAMHI was used. Figure 13a shows the gridded domain for the study area and the distribution of mon-
itoring stations. As in the temperature case, the sparseness of the monitoring network results in unrealistic
images with localized effects.

Figure 14. Monthly precipitation (mm) in April 2011.
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Table 2
Median and IQR of the Statistics Between the Time Series of the Different Alternatives and the Observed Precipitation Data

RMSE PBIAS R2

Median IQR Median IQR Median IQR

OK 40.28 13.31 8.65 46.30 0.52 0.19

IDW 36.25 15.02 7.65 52.75 0.59 0.22

Precipitation PT5 53.94 6.95 28.55 82.98 0.38 0.23

𝜂0 = 5 × 10−3 38.66 9.02 7.35 51.43 0.51 0.17

𝜂0 = 1 × 10−2 41.57 11.53 5.35 60.03 0.47 0.21

𝜂0 = 5 × 10−1 47.68 13.78 2.90 67.13 0.41 0.24

3.3.2. Spatial Representation
The precipitation images from Figure 14, corresponding to April 2011, show that both OK and IDW present sig-
nificant localized effects in the neighborhood of the monitoring stations. Extreme values are concentrated in
small regions, which is not an expected spatial pattern of monthly precipitation. This is reflected in unrealistic
peaks and drops, which can be observed in the OK and IDW surfaces. On the other hand, the PT5 image shows
distinctive regions of overestimation when compared to the interpolated images, which is later confirmed by
the high PBIAS values in the validation analysis.

It can be observed in Figure 14 that the unrealistic peaks and drops of the interpolated images are smoothed
by the variational method, thus generating more realistic images.

3.3.3. Validation Over In Situ Data
As done for temperature, a summary of RMSE, PBIAS, and R2 values between the time series of the observed
data and the time series of the different alternatives (i.e., OK, IDW, PT5, and the variational method) is pre-
sented. For OK, IDW, and the variational method with different values of 𝜂0, the results correspond to the
leave-one-out cross validation analysis. The statistical values are summarized in Table 2.

The statistical values indicate that the proposed variational method results in significant improvements with
respect to PT5, decreasing median RMSE by 28% (with 𝜂0 = 5 × 10−3), decreasing median PBIAS by 90%
(with 𝜂0 = 5 × 10−1), and increasing median R2 by 34% (with 𝜂0 = 5 × 10−3). Although IDW outperforms
the variational method with slightly better median values in terms of RMSE and R2, the IQR was larger, which
suggests a consistent performance of the variational method across the region. In addition, the PBIAS of the
variational approach with 𝜂0 = 5 × 10−1 significantly outperformed the other alternatives.

In terms of validation, the effect of the characteristic length indicates that RMSE and R2 improve with small
values of 𝜂0, and PBIAS improves with 𝜂0 ≈ 0.5. Given that large values of 𝜂0 tend to recover the spatial pat-
terns of PT5, the variational method efficiently reduces the bias of the satellite-based product without major
image distortion. The results suggest that, for this case study, the best-performing images in terms of bias are
obtained with 𝜂0 ≈ 0.5.

The statistical values highlight the fact that the proposed method is capable of combining the benefits of
both IDW and PT5, generating hybrid products with relatively good performance in terms of validation. These
results resemble the results of Ulloa et al. (2017), where median PBIAS of PT5 was decreased by 77% across

Figure 15. Cummulative precipitation at the selected stations for the observed values (black lines), PT5 (red), IDW (blue),
and the variational method with 𝜂0 = 5 × 10−3 (dark gray), 𝜂0 = 1 × 10−2 (medium gray), and 𝜂0 = 5 × 10−1 (light gray).
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the entire Andes region of Ecuador using regression kriging with auxiliary variables. Thus, the variational
approach produces a similar effect, namely, bias reduction of the satellite-based precipitation product,
without relying on geostatistical techniques and without the need for auxiliary variables.

The capability of the variational method is further assessed by exploring the cumulative precipitation records
in representative stations. The selected stations for the precipitation case are referred to as P1, P2, and P3,
and are shown in Figure 13b. The corresponding time series of cumulative precipitation for u, IDW, and PT5

are shown in Figure 15 and compared to the observed records. Recall that both u and IDW correspond to
the results of the leave-one-out validation. In P1, both IDW and PT5 overestimate the observed values, and
improvements are observed using the variational method. Note, from Figure 13b, that P1 is located in a
relatively sparse subregion. On the other hand, station P2 is located close to two other stations, which, nev-
ertheless, have lower precipitation records. Thus, IDW does not perform well, underestimating the observed
precipitation, as shown in Figure 15. However, the variational method performs very well. As in the tem-
perature case, this is due to the shape of PT5, which highlights an attractive feature of the regularity term.
Finally, the stand-alone station P3 indicates that the results of the variational method are significantly bet-
ter when compared to IDW. On the other hand, PT5 outperforms the variational method. This result suggests
that improvements over a well-performing v image in regions where û is deficient are not feasible. This is an
obvious conclusion, which is only true given that, in fact, v performs well on its own. Although this was the
case for this specific station, PT5 predominantly overestimates the precipitation records across the rest of the
region. Therefore, this result is considered a particular case. It is also worth recalling that the time series was
predicted with a constant value of 𝜂0, and improvements are expected by using a time-variable parameter.

4. Conclusions

A new merging method for environmental variables, which is based on variational principles, has been pro-
posed to exploit the accuracy of in situ data with the spatial structure of gridded images. In this framework, the
resulting method is exempted from the common and usually inconvenient assumptions of the classic interpo-
lation methods based on statistical settings, such as the requirements of the input data for regression-based
models and geostatistical techniques. The images of the environmental variables are obtained as the solu-
tion of a PDE, which combines an (deterministically) interpolated image with a satellite-based or model-based
gridded image. Thus, the method can be considered, simultaneously, an improvement of a simple and deter-
ministic interpolation method and the enhancement of a gridded image. While the interpolated image
provides realistic values, the gridded image provides realistic gradients that diffuse the localized effects of
the classic deterministic interpolation methods. This is achieved by optimizing a fidelity term and a regularity
term in a convenient energy-type functional.

To test the proposed method, three case studies were analyzed. First, a synthetic case was devised. This allows
for a controlled setting where distinctive characteristics of the method can be analyzed in detail. The capability
of the method to cope with real situations was evidenced by the results in two study cases: temperature and
precipitation. The resulting images show a relatively good performance in terms of spatial predictive ability
and capture a physically meaningful spatial structure of the target variables, surpassing the results of the
satellite/model counterparts.

In addition, the performance of the variational method in the different case studies, which differ in target
variable, spatial domain, and spatial resolution, suggests that a versatile approach to tackle a wide variety of
problems has been proposed. This is, to some degree, a result of the capability of the method to generate
a family of images regulated by the characteristic length: as the characteristic length increases, the spatial
structure of the gridded image is recovered, while a decreasing characteristic length recovers the interpolated
image. Thus, the arbitrariness of the characteristic length allows the method to adapt to different scenarios.
Finally, the results suggest that the proposed method can provide a useful tool to provide reliable data in
cases with poorly sampled regions, which is a common occurrence in environmental monitoring.

This study provides insights for a novel approach to map environmental variables when satellite/model
images and in situ data are available. Several extensions are possible. Perhaps the most immediate extension
is the analysis of different variables in different spatial and temporal scales and domains. Another possi-
bility for future research stems from the fact that although some insight into the search for an optimum
characteristic length was provided, the development of a practical methodology remains an open issue.
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Moreover further studies can be conducted to quantitatively assess the influence of the distribution of sam-
pling points. Finally, enhancements of the formulation are worth being explored, such as a more efficient
imposition of observed values. For this purpose, a potential approach is a local penalization of the fidelity
term, which can be defined as a function of the sampling density in the neighborhood of each pixel.
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