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ABSTRACT

A robust radial distortion correction method that requires only
a single image of the distorted imaged pattern is presented.
The method is robust to the orientation of the imaged pattern
and does not require the availability of the ideal reference reg-
ularly structured pattern which can be recreated from detected
features in the distorted image. Radial distortion parameters,
i.e., the Center of Distortion (CoD) and radial distortion co-
efficients (RDC), are optimized by minimizing corresponding
cost functions in an alternate manner. Tests with synthetic and
real data are presented in order to illustrate the performance
robustness of the proposed algorithm.

Index Terms— Radial distortion, center of distortion,
single image, alternate optimization.

1. INTRODUCTION

The pinhole camera model is frequently used in computer
vision applications in order to project 3D scene points to
2D image points; however, off-the-shelf cameras do not pre-
cisely satisfy the ideal pinhole model due to lens distortion
and mounting defects. Although the overall distortion results
from the combination of radial, decentering and thin prism
distortion [1], the last two are usually negligible for most of
the commercial cameras [2]. Consequently, radial distortion
(RD) is frequently the source of distortion that is modeled.
Furthermore, it has been shown that more elaborate models
not only provide a negligible improvement but they can also
cause numerical instability [3]. RD can be a significant factor
of distortion in wide angle and low focal length lenses.

This paper presents a novel radial distortion correction
(RDC) method that requires only the distorted image of a reg-
ularly structured pattern and that does not require availability
of the corresponding ideal reference pattern. The proposed
RDC method is based on an alternating optimization process
where the estimated CoD and radial distortion model param-
eters are refined through alternate minimization of two corre-
sponding cost functions.

This paper is organized as follows. Section 2 provides
a background related to radial distortion correction. In Sec-
tion 3 the proposed algorithm is described in detail. Quantita-
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tive and qualitative results are presented in Section 4. Finally
a conclusion is provided in Section 5.

2. BACKGROUND

Based on the pinhole camera model, a three-dimensional
scene point is ideally represented on the image plane by the
undistorted pixel P, = (24, ¥, ); however, due to radial dis-
tortion, the position of P, is radially displaced with respect
to the Center of Distortion (CoD) along the line that links the
CoD and P, resulting in the distorted pixel Py = (24, Ya)-

Many distortion models have been proposed [1, 4, 5, 6,
7, 8]; however, the most used ones are [1] and [6]. In the
even-order polynomial model [1], the distorted (x4, y4) and
undistorted (., y,,) pixels are related as follows:

xy = (g — Cy)F(A) + Cy

Yu = (ya — Cy) F(A) + Cy
where (C,,C,) denotes the location of the CoD in pix-

els with respect to the top-left corner of the image, A =
[A1, Az, ..., Ar] is the set of RDC, and F'(A) is given by:

D

L
F(A)=14> Aoy (©)
i=1

In (2), r4 is the normalized Euclidean distance between the
distorted pixel P; and the CoD given by:

2 2
e (25)(255) o

where the normalization factor ~ is defined as the diagonal
length of the input image.

An alternative model [6], known as the division model,
which can handle distortions with lower orders than the poly-
nomial model, is given by:

_ (l‘d - Cx)
T VIR "
_ (yd - Cy)

Practical tests [9, 10, 3] have shown that the use of more
than two parameters (L > 2 in Equation (2)) provides no sig-
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Sticky Note

Los codigos que funcionan de radial distortion estan de la siguiente manera:

* Para probar con las imagenes reales del paper ICIP14 usar el archivo: RD_single_image.m que se encuentra en: c:\1\work\radial distortion\test_chess_pattern\
(see the last 2 lines of code of the file)

* para los resultados de la Figura 2 del paper nuestro y de las tablas incluidas en el paper usar el archivo: comparative_results.m que se encuentra en:
c:\1\work\Square_pattern\Simulation_Synthetic_data\

Adicionalmente una version bien compilada de los archivos requeridos para RDC y tambien para generar el video del proceso de encontrar la imagen sin distorsion se encuentra en:
C:\1\work\radial distortion\test_chesspattern\New_test
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Fig. 1. Flowchart of the proposed algorithm.

nificant improvement; moreover, it was shown that the esti-
mation of less parameters is more robust [10, 11].

Many methods have been proposed for estimating ra-
dial distortion parameters. Radial distortion (RD) correction
methods can be broadly classified into three groups. The
first group consists of methods that make use of known
features in a single image of a calibration pattern. The
used pattern can be planar [1, 3, 4, 9, 12, 13] or tridi-
mensional [7, 14]. The second group consists of methods
that make use of correspondences across multiple images
[3,4,6,7,8, 14, 15, 16, 17, 18]. Multi-view methods use
feature correspondences among images and projective geom-
etry [15]. Besides requiring multiple images, these methods
require the imaged scene to be static and non-deformable.
A multi-camera calibration is presented in [19], it uses a
single image of multiple checkerboards placed at differ-
ent locations in the scene instead of multiple images of a
single checkerboard. The third group consists of methods
known as plumb-line methods which exploit the fact that
tridimensional straight lines in the scene are imaged as curves
[2, 4,8, 10, 20, 21, 22, 23]. These approaches are well suited
for images that include man-made structure i.e., images con-

taining straight lines. In most cases, these latter methods
require user intervention in order to specify which lines in the
image are straight lines in the scene. Since RD correction is
a non-linear problem most of the proposed methods have an
iterative nature. Closed form solutions can be reached under
certain constrains that limit the accuracy or robustness. Some
approaches [6, 16] consider the CoD to be known a-priori
or assume it to be the image center. However, in [7] it is
indicated that the CoD has a considerable offset with respect
to the image center.

3. PROPOSED ALGORITHM

The flowchart of the proposed algorithm is shown in Fig. 1.
The procedure starts with a single image of the pattern which
may include radial distortion, blurring and noise. The algo-
rithm proposed in [19], whose implementation is freely avail-
able, was used to define the positions of corners in the dis-
torted image, i.e., Pi’Zl = (zfd,yfd) sk =1,2,..., N, where
N is the total number of detected corner features. Based on
the structure of the detected features P;4, the undistorted posi-
tions of the corners of a regularly structured reference pattern
Pk = (af, yk,)  k=1,2,...,N are estimated considering
a regular rectangular array.

The radial distortion parameters are initialized as follows.
The position of the CoD is initialized as the center of the input
image. Although we tested other more complex initialization
methods for the CoD such as the ones provided by [6], [15]
these resulted in no significant improvement neither in accu-
racy of the radial distortion correction nor in processing time.
The radial distortion coefficients A were initialized with the
value of 0.1.

3.1. Radial distortion correction

Let Pilzl = (:vfd, yfd) be the k" corner detected in the dis-
torted imaged pattern, k£ = 1,2,.., N, where NN is the total
number of detected features. Radial distortion correction is
applied to Pfd according to (4). The resulting undistorted cor-
ners’ positions P%, = (aF,,y¥,), k = 1,2, .., N are used to
compute a homography that will be used to map P, to the
pattern plane.

3.2. Computation of the Homography

Let (x1,y1) and (x2, y2) be a pair of corresponding scene fea-
tures of a planar surface under two different views. In a dis-
tortion free situation such pairs are related by a homography
[24] as follows:

w1, y1, 1] = H - [22,92,1]" o)

Since radial distortion is present we need to determine the
Homography H that best models the correspondences P;,, <+
P, using (5). The computed homography H is used to map
undistorted pattern corners P;,, as well as the current position
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Table 1. Comparison of average radial distortion error between the method presented in [13] and the proposed one. The

performance is evaluated for different levels of radial distortion given by —0.9 <= A4 <= —0.1 and different amounts of
noise given by o added to the ground-truth distorted corners positions in the testing image.
Proposed algorithm Algorithm [13]
ﬂld 0=0 6=0.5 o=1 0=1.5 06=2 06=2.5 0=3 o0=0 06=0.5 o=1 0=1.5 0=2 06=2.5 ¢=3
-0.9 29.19 27.52 2739 26.58 27.21 27.26 28.21 42.54 41.03 41.60 42.42 43.19 43.97 43.39
-0.8 11.83 1096 10.88 10.70 10.71 11.41 10.88 19.86 19.32 19.29 19.88 20.66 21.48 23.32
-0.7 467 430 429 406 4.05 377 403 936 870 807 778 629 548 471
-0.6 181 1.59 1.60 157 127 151 1.86 550 458 480 484 459 452 434
-0.5 067 061 038 040 033 0.68 072 3.61 338 349 306 036 274 7.05
04 023 020 003 0.11 023 0.17 030 142 098 050 055 2.88 582 1.29
-03 007 0.10 008 0.09 014 029 0.09 1.02 068 0.15 198 3.52 523 5.65
0.2 002 0.00 003 0.07 000 0.11 009 0.08 033 1.65 259 040 3.68 3.02
01 _000 001 005 0.0l 0.06 039 031 053 033 116 200 1.02 1.02 1.81

100

Gound truth

abs(rq —ry) [pixels]

0 50 100 150 200 250 300 350 400
rq [pixels]

Fig. 2. Graph of radial distortion |r4 — 7, | versus radial dis-
torted positions ry for a pattern distorted according to (12)
with A4 = —0.5. Noiseless positions of the pattern corners
were used. The image resolution is 640 x 480.

of the CoD = (C,,Cy) from the image plane to the pattern
plane as follows: k i
Py =H- P Vk

(6)
CoDy = H -CoD

where the homogeneous notation has been omitted for con-
venience. These mapped features together with the recon-
structed undistorted reference pattern positions P, are used
to compute the appropriated cost functions.

3.3. Cost functions

Two cost functions, Yo,p and Yrpe, are defined for the es-
timation of the CoD and RDC, respectively. Under ideal con-
ditions, a non-distorted feature P, its corresponding radi-
ally distorted position P;4 and the CoD are collinear; how-
ever, a slight error in the CoD position breaks the aforemen-
tioned condition and a triangle is formed with the three points.
Therefore, we adopt as a cost function Yo,p the sum of the

areas of all the triangles formed by the current CoDy; and the
matched P,, and P;,p; i.e., the areas formed by the afore-
mentioned points in the pattern plane. The triangles’ areas
are efficiently computed using determinants.

Provided a detected pattern with N corners, the area of the

k' triangle defined by the CoDy = (Cuy, Chy)s P;fu =

(5. 98,) and Pl gy = (k7.8 ).is iven by:

1 ,
Ak = 3 |det(M")] (7
where M* is given by:
1 1 1
MF=| Cu, 2k, aby (8)
CHZJ ypu yqu

Finally, the new CoD is estimated by minimizing the follow-

ing cost function Y¢,p: N
CoD = min Ycop = min AF 9

(Ca'Cy (CaCy) £

The RDC cost function Yz pc, is defined as the sum of

the Euclidean distances P}, P, . between the matches P;’fu =

(‘T]]§W yglju) A PiIZH = (Iqu’ yqu) Vk.
The radial distortion coefficients A are thus obtained by min-

imizing the sum of the aforementioned distances as follows:
N

— mi — mi k pk
A= min Yrpo = min E Py P
k=1

(10)
where P ,; are computed using (4) and (6). The uncon-
strained optimization of (9) and (10) was implemented using
the Matlab® function fminunc.

We define the parameters’ vector for iteration r as A, =
[Ca, Cy, A1, Mg, ..., AL]. The iterative optimization of the two
cost functions Yo,p and Yrpe is performed and is stopped
when the following condition is satisfied:

1A, — Ayl <T (1)

where ||-||; is the ¢;-norm and T is a threshold whose value
was experimentally set to 5 x 10~%. This value is independent
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Table 2. Average radial distortion error of the proposed

method for pincushion radial distortion; i.e., A;4 > 0.
A,,6=0 6=0.5 =1 0=1.5 6=2 0=2.5 o=3
0.1 0.001 0.021 0.033 0.006 0.167 0.150 0.167
0.2 0.008 0.005 0.018 0.080 0.143 0.054 0.135
0.3 0.023 0.039 0.024 0.008 0.026 0.060 0.094
0.4 0.050 0.061 0.015 0.081 0.066 0.053 0.015
0.5 0.089 0.124 0.104 0.067 0.083 0.075 0.055
0.6 0.142 0.188 0.193 0.212 0.322 0.046 0.011
0.7 0.209 0.245 0269 0.233 0.211 0.170 0.193
0.8 0.291 0.377 0.347 0.383 0.259 0.319 0.334
0.9 0.389 0.519 0464 0.513 0.457 0.531 0.512

of the level of distortion in the test image and of the amount
of noise that can be present in the corners’ positions.

4. RESULTS

In order to illustrate the performance of the proposed algo-
rithm under noisy estimation of the pattern corners we syn-
thetically distorted a pattern using a second-order polynomial
radial distortion model (1) as follows:

Td = (xu - Osac)(l + /\1drd2) + Csa

5 (12)
Ya = (yu - Csy)(l + Aiara ) + Csy

where rq is computed as in (3) and (Csg, Csy) represents the
CoD position used in the simulations. The polynomial co-
efficient A\14 was varied from -0.9 to -0.1 with a step-size
of 0.1. A zero-mean Gaussian noise N(0, o) was added to
the ground-truth positions of the distorted corners. The noise
standard deviation o was varied from 0 to 3 pixels with a step-
size of 0.5 pixels. Monte Carlo simulations with 150 random
trials were performed for every value of A4 and o.

The radial distortion of a pixel is defined as |rq — 7,,| [7],
where r4 and 7, are, respectively, the distorted and undis-
torted radii, defined as the Euclidean distances from the cor-
responding distorted or undistorted pixel to the CoD. Fig. 2
shows the plot of the radial distortion versus the distorted
radius for a pattern synthetically distorted using (12) with
A1g = —0.5 and under noiseless conditions (o = 0) for the
pattern corners (ground-truth solid black curve). Fig. 2 also
shows the plots of radial distortion versus the distorted radius
that are generated based on the estimated RD parameters us-
ing the proposed method (dashed red curve) and the method
of [13] (dotted blue curve).

The average radial distortion error defined as the average
of the absolute difference between the ground-truth radial dis-
tortion curve in Fig. 2 and the estimated one is used as a
performance evaluation metric. Comparative results for the
method presented in [13] and the proposed one are presented
in Table 1 for —0.9 < A4 < —0.1 and for different noise
levels. Table 2 presents results of the average radial distortion
error for Ayg = 0.1,0.2,...,0.9. Results from [13] have not

Fig. 3. Radial distortion correction applied to a test image:
(a) original distorted image taken from [13], (b) undistorted
results using the algorithm of [13], and (c) undistorted result
using the proposed method.

been included in this table since [13] fails for distorted im-
ages with 14 > 0; i.e., images with a pincushion-like radial
distortion.

Finally, in order to provide a qualitative comparison we
applied the proposed algorithm to the test image used in [13].
The undistorted image using the algorithm of [13] and the
proposed one are shown in Figs. 3(b) & 3(c), respectively.
From Fig. 3, it can be seen that the proposed method pro-
vides a better reconstruction of straight lines in the scene, as
compared to the method of [13]. This is especially apparent
when comparing the upper borders in Figs. 3(b) & 3(c).

5. CONCLUSION

A noise-robust radial distortion correction method is pre-
sented to estimate the radial distortion coefficients as well as
the center of distortion through an alternating optimization
process. The algorithm was tested for different values of ra-
dial distortion parameters as well as under different amounts
of noise. Experimental results with synthetic and real dis-
torted images show that the proposed method results in an
improved performance in terms of estimation accuracy and
also in terms of robustness to noisy conditions.
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