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Abstract

In this paper we tackle the problem of surfactant spreading on a thin liquid film in the framework of isogeometric analysis.
We consider a mathematical model that describes this phenomenon as an initial boundary value problem (IBVP) that includes
two coupled fourth order partial differential equations (PDEs), one for the film height and one for the surfactant concentration.
In order to solve this problem numerically, it is customary to transform it into a mixed problem that includes at most second
order PDEs. However, the higher-order continuity of the approximation functions in Isogeometric Analysis (IGA) allows us to
deal with the weak form of the fourth order PDEs directly, without the need of resorting to mixed methods. We demonstrate
numerically that the IGA solution is able to reproduce results obtained before with mixed approaches. Complex phenomena
such as Marangoni-driven fingering instabilities triggered by perturbations are easily captured.
c⃝ 2020 Elsevier B.V. All rights reserved.
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1. Introduction

Surfactant spreading on a thin liquid film is an interesting phenomenon both for its biomedical and industrial
applications and also for the mathematical and numerical challenges that arise from modeling it. Applications
include coating flows, drainage flows in emulsions and foams, and surfactant replacement therapy [1–4]. The
mathematical model describing the dynamics of surfactant spreading is usually derived by using lubrication theories
and results in a system of coupled time-dependent nonlinear fourth-order partial differential equations. Solving such
a strongly coupled problem which includes high-order spatial differential operators is not an easy task and requires
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robust numerical approaches. In this work, we present an isogeometric finite element formulation [5,6] for solving
this problem.

Once a drop of surfactant is deposited on a thin liquid film over a smooth planar substrate, the initial difference
between the lower surface tension of surfactant and the higher surface tension of surfactant-free thin film triggers
the spreading of surfactant on the surface of thin film from the regions which are fully covered with surfactant to
surfactant-free regions. This spreading process is mainly driven by the surface tension gradient (which is induced
by the gradient in surfactant concentration) and causes a so-called Marangoni flow in the thin film [1,2,7]. The
Marangoni flow may cause large deformations in the thin film provided that the diffusion of the surfactant on the
free surface of thin film is a slow process [2,8,9]. In such case, the Marangoni flow can be described by a ramped
region with a sharp leading front [1,2]. The sharp leading front is generated where the surfactant-covered film
meets the surfactant-free undisturbed film. The peak value of the front is about two times the height of undisturbed
film [2]. Due to the mass conservation of liquid film, this elevation in film height is compensated by a film thinning
region forming at the drop edge, just behind the ramped region. The fingering instability (see e.g. [1,7] for more
details) appears in this film thinning region. As it will be shown later, a rough solid substrate may change the shape
of ramped region and may also initiate the fingering instabilities.

Theoretically, the dynamics of surfactant spreading on thin liquid films can be modeled by a free boundary
problem of Navier–Stokes equations for the incompressible flow of thin film and a surfactant mass balance equation
on the free surface. However, taking into account that the height of the film is considerably smaller than its other
dimensions, one can use a lubrication theory with certain assumptions (see [1,2] and the review paper [7]) to
approximate the problem by a system of coupled nonlinear fourth-order PDEs for the film height and the surfactant
concentration.

Several numerical methods have been proposed for solving surfactant spreading on thin films. Jensen and
Grotberg [2] carried out one-dimensional computations using second-order finite differences in space and Gear’s
method in time. Warner et al. [1] designed a numerical scheme by using a finite element collocation in space and
Gear’s method in time for one-dimensional computations and a finite difference alternating direction implicit (ADI)
scheme for two-dimensional computations. Wong [10] split the equations into two parts, hyperbolic and parabolic
systems, and solved the hyperbolic system using a finite volume method and the parabolic system using an ADI
scheme. For a simplified form of the equations, in the absence of high-order regularization terms, Peterson and
Shearer [11] devised a numerical scheme which tracks the leading edge of the surfactant and compared its results
with a hybrid method which uses a Godunov’s method for the height equation and an implicit finite difference
method for the surfactant equation. We also refer to [12–14] for other finite difference and finite volume schemes
which have been applied to the problem. While most of the aforementioned methods enjoy properties such as high
accuracy and/or ease of implementation, they are either limited to 1D problems, or require considerably more effort
for modeling surfactant spreading over irregular geometries (this is generally an issue with finite difference and
finite volume methods), or in some cases impose severe restrictions on the maximum allowable time step size [10].
As an alternative, finite element methods can easily handle surfactant spreading problems on complex geometries
and have shown better convergence behavior and larger time step sizes for fine meshes [15]. In the context of
finite element methods, Barrett et al. [16] presented a mixed finite element method which split the two fourth-order
coupled nonlinear equations into three second-order equations by approximating the surfactant concentration, the
film height, and the fluid pressure, thereby having three degrees of freedom per node. A different mixed finite
element method was presented by Liu et al. [15] which approximates the surfactant concentration, the film height,
the fluid pressure, and the surface and depth-averaged velocity fields, and results in seven degrees of freedom per
node and a five-field system of coupled nonlinear equations. The authors showed that the fingering instabilities can
be triggered by introducing perturbations to the roughness of solid substrate. They also mentioned that, to their
knowledge, their work was the first to incorporate the effect of substrate roughness explicitly into the mathematical
model of surfactant spreading on thin liquid films. However, we remark that a more complete model, which considers
the effects of substrate roughness, substrate incline, and intermolecular interactions, had been already presented in
an excellent review paper by Craster and Matar [7], among others. Moreover, [15] addressed the effect of surfactant
concentration on fluid pressure. We note that in practice the term representing the effect of surfactant concentration
on fluid pressure is negligible with respect to other terms present in approximating the fluid pressure [7] and
therefore it is reasonable that the effect of surface tension variations on capillarity has been neglected in previous

studies [1,2,7,10,16].
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As mentioned earlier, to discretize fourth-order PDEs using the mixed finite element method with globally C0-
ontinuous basis functions, each of the equations should be transformed into a system of PDEs which at the most
nvolve second-order spatial derivative operators; this allows for the use of lower order finite elements. However,

more natural finite element approach to discretizing fourth-order PDEs is a primal variational formulation by
ealing directly with the weak form of fourth order PDEs using globally C1-continuous basis functions. In this
ontribution, we take this latter approach by using a spatial discretization based on isogeometric analysis (IGA) [5,6]
nd exploiting the high continuity of high-order spline basis functions. For temporal discretization, we use the
eneralized-α time integration method. Numerical experiments show that the proposed approach is able to match
he results of previous methods used to describe the physical phenomena. Specifically, we are able to study the
o-called fingering phenomena and its sensitivity to initial conditions for the height of the thin liquid film. We also
tudy the effect of the roughness of the solid substrate in the solution. We use sufficiently refined meshes which
ules out the possibility of numerical instabilities due to the degeneracy of the fourth-order film height equation [17].

The rest of this paper is organized as follows: Section 2 presents a detailed derivation of the mathematical model
or insoluble surfactant spreading on thin liquid films deposited on rough solid substrates. We start from a free
oundary problem of Navier–Stokes equations for the incompressible flow and a surfactant mass balance equation
n the free surface and show how the final system of two coupled fourth-order PDEs for the film height and the
urfactant concentration are obtained using lubrication theory by considering certain approximations. Section 3
s devoted to the numerical formulation of the problem in an isogeometric framework, where details of the weak
orms, semi-discrete formulation and the time discretization are given. In Section 4, we first verify the results of our
sogeometric formulation by making comparisons with similarity solutions and other numerical schemes. Thereafter,
e consider several examples of fingering instabilities triggered either by perturbations in the initial film height or

he roughness of solid substrate. Finally, conclusions are drawn in Section 5.

. Mathematical model

In this section, we present the mathematical model for describing the spreading of a drop of liquid, uniformly
overed with an insoluble surfactant, on an initially-undisturbed thin film of the same liquid as the drop. The thin
lm is resting on a rough solid substrate and is in contact with air at its free surface.

We consider the thin liquid film to be an incompressible Newtonian fluid with a constant dynamic viscosity
and a constant density ρ. Let L and H be the characteristic length and height of the film, respectively. The

haracteristic height of the film is assumed to be significantly smaller than its characteristic length and therefore we
an define a fineness ratio as ϵ =

H
L ≪ 1. Based on this assumption, we can simplify the thin film’s Navier–Stokes

nd continuity equations, surfactant mass balance equation, and related boundary conditions by only considering
eading-order terms in ϵ. The thin film is considered to be rested on a rough solid substrate represented by a
oughness function f .

The mathematical model for surfactant spreading on thin films resting on smooth surfaces (see [1,2,7,10]) was
xtended to thin films on rough surfaces in [7,15], among others. The model is based on the assumption that the
agnitude of roughness of solid substrate is small enough (much smaller than the film height) so that it does

ot violate the main assumptions of lubrication theory [7,15]. Our derivation is mainly based on this mathematical
odel. In what follows, we derive the governing equations. The final equations are similar to the ones in [15] except

f a difference due to assumptions we made for approximating the pressure field in liquid film; similar to [1,2,7,10]
e neglect the effects of surface tension variations on capillarity and assume that it is only the term corresponding

o the constant minimum surface tension which should be present in the approximation of the film’s pressure. This
s a valid assumption as in practice the term representing the effects of surface tension variations on capillarity is

uch less than the other term (see e.g. [7]).

.1. Governing equations

Let us assume a Cartesian coordinate system, (x, y, z), where x , y, and z correspond to the streamwise,
ransverse and vertical coordinates. The thin liquid film is bounded from below by a rough solid substrate, located
t z = f (x, y), and from above by a free surface which is located at z = h(x, y, t). Here, f (x, y) is the roughness
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function of the substrate, h(x, y, t) represents the height of liquid film and t denotes time. The governing equations
of the thin liquid film are Navier–Stokes and continuity equations for incompressible flows which are given by:

∂u
∂t

+ u · ∇u +
1
ρ

∇ p − ν∇
2u − g = 0, (1)

∇ · u = 0. (2)

here ρ is the fluid density, u is the fluid velocity vector, p is the fluid pressure, ν =
µ

ρ
is the kinematic viscosity,

µ is the dynamic viscosity, and g is the gravitational body force per unit mass. The components of velocity vector
are given by u = (u, v, w) and g = −gez , where g denotes the acceleration of gravity and ez = (0, 0, 1) is the
tandard unit basis vector in the z direction.

On the free surface of the thin liquid film, we have normal and tangential stress boundary conditions. Noting
hat the free surface is essentially a gas(air)–liquid interface, and assuming the air to be inviscid, the normal stress
oundary condition is described as (see [18] for full details)

n · T̂ · n − n · T · n = σ (∇s · n) at z = h (3)

here n denotes the outward unit normal vector to the free surface, ∇s is the surface gradient operator, and σ is the
urface tension. In addition, T̂ and T are the stress tensors of the air and the film, respectively, which are defined
s,

T̂ = − p̂ I
T = −p I + µ

(
∇u + ∇

T u
)

lso, considering t to be any unit tangent vector to the interface, the tangential stress boundary condition is given
y (see [18])

n · T̂ · t − n · T · t = −∇sσ · t at z = h (4)

e consider a kinematic boundary condition on the free surface, z = h(x, y, t). On the free surface, we have

z − h(x, y, t) = 0

hich holds at all times. Taking the material time derivative of this equation yields

D (z − h(x, y, t))
Dt

= 0,

∂ (z − h(x, y, t))
∂t

+ us · ∇ (z − h(x, y, t)) = 0. (5)

here us = (us, vs, ws) =

(
u
⏐⏐
z=h(x,y,t), v

⏐⏐
z=h(x,y,t), w

⏐⏐
z=h(x,y,t)

)
is the fluid velocity u evaluated at the free surface.

On the bottom surface of the film, z = f (x, y), we assume the no-slip and no-penetration boundary conditions
for v = (u, v) which is the projection of the velocity vector u onto xy-plane,

v = 0 at z = f (6)

Moreover, on the free surface, we have the mass balance equation for surfactant concentration c which is expressed
by (see [19–21] for details of derivation),

∂c
∂t

+ (u · n) n · ∇c + ∇s · (cu) = D∆sc (7)

where ∆s is the surface Laplacian which is defined as ∆s = ∇
2
s = ∇s ·∇s , and D is the surface diffusion coefficient

of surfactant.

2.2. Scaling and assumptions

Considering L, H, and ϵ =
H
L as characteristic length and height of the film and fineness ratio, respectively, and

defining U and P as the characteristic velocity and pressure of the fluid, respectively, we use the following scalings
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to nondimensionalize the governing equations,

x∗
=

x
L

, y∗
=

y
L

, z∗
=

z
H

=
z

ϵL
, t∗

=
U t
L

, h∗
=

h
H

, f ∗
=

f
H

,

u∗
=

u
U

, v∗
=

v

U
, w∗

=
w

ϵ U
, p∗

=
p
P

, p̂∗
=

p̂
P

.

(8)

here superscript stars denote dimensionless quantities. Moreover, we scale both the surfactant concentration and
he surface tension by the following relations:

c = cmc∗,

σ = σm + Sσ ∗(c∗).
(9)

here cm is a characteristic concentration defined as the concentration of surfactant at saturation. When surfactant
oncentration attains cm the surface tension takes a constant minimum value σm . S = σ0 − σm is a spreading

coefficient and signifies the difference between the maximum value of surface tension σ0 and its minimum value
σm .

In addition, we define vs = v(x, y, z = h) as the projected velocity field at the free surface, v̄ =
1

h− f

∫ h
f v(x, y, z) dz as the depth-averaged velocity of the liquid film, ∇p = ( ∂

∂x , ∂
∂y ) as the planar gradient operator,

nd ∆p =
∂2

∂x2 +
∂2

∂y2 as the planar Laplace operator. These quantities are scaled as follows,

∇p =
1
L

∇
∗

p, ∆p =
1
L2 ∆

∗

p, ∇pσ =
S
L

∇
∗

pσ
∗,

v = Uv∗, vs = Uv∗

s , v̄ = U v̄∗

(10)

We further define several dimensionless parameters which will appear through nondimensionalization of governing
equations:

Re =
ρUL

µ
, Λ =

µUL
H2P

, Υ =
µUL
ρgH3 , Ca =

σm

µU
, M =

ϵS
µU

,

C =
ϵ2σm

S
= ϵ3Ca, G =

ρgL2

σm
=

1
ΥC

, Pe =
SH
µD

=
UL
D

,

(11)

here Re is the Reynolds number, Λ is the so-called bearing number [22] which is defined as the ratio of viscous
orces to pressure forces, Υ is a dimensionless number which is indicative of the ratio of viscous forces to gravity
orces, Ca is the capillary number which is reflecting the relative significance of capillary to viscous forces, M is

arangoni number which is reflecting the relative significance of Marangoni forces (driven by surface tension
radients) to viscous forces, C is a capillarity parameter, G is a gravitational parameter, and Pe is a surface
eclet number which is indicative of the relative importance of Marangoni-driven spreading to surface diffusive
preading [1].

We will also make several assumptions: As we are modeling thin film flows for which Marangoni effects are
ominant (see also surface-tension-gradient-dominated flows in [7]), Marangoni number is set to unity, M = 1,
hich gives the characteristic (Marangoni) velocity as U =

SH
µL . The pressure scaling is chosen as P =

µUL
H2 which

renders Λ = 1. We assume that ϵ ≪ 1, Reynolds number is finite, ϵ2Re ≪ 1, and Υ is near unity. Similar to [7], we
urther assume that σm

S ≫ |σ ∗
|, and that the concentration field (and as a result the surface tension) is independent

of z coordinate.

2.3. Reduced set of dimensionless governing equations based on lubrication theory approximations

Introducing the scalings into governing equations and taking into account the assumptions described in the
previous section, one can find a set of approximate equations which are valid for ϵ ≪ 1. Accordingly, to leading

rder in ϵ, Eqs. (1) to (7) can be described in a dimensionless form as,
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Navier–Stokes and continuity equations

∇
∗

p p∗
=

∂2v∗

∂z∗2 , (12)

∂p∗

∂z∗
+

1
Υ

= 0, (13)

∂u∗

∂x∗
+

∂v∗

∂y∗
+

∂w∗

∂z∗
= 0, (14)

ormal stress boundary condition

p∗
= p̂∗

− C∆∗

ph∗, at z∗
= h∗ (15)

angential stress boundary condition

∂v∗

∂z∗
= ∇

∗

pσ
∗, at z∗

= h∗ (16)

o-slip, no-penetration boundary condition

v∗
= 0, at z∗

= f ∗ (17)

inematic boundary condition

∂h∗

∂t∗
+ u∗

s
∂h∗

∂x∗
+ v∗

s
∂h∗

∂y∗
− w∗

s = 0, (18)

Surfactant mass balance equation

∂c∗

∂t∗
+ ∇

∗

p ·
(
c∗v∗

s

)
=

1
Pe

∆∗

pc∗. (19)

2.4. Deriving the dimensionless evolution equations

Integrating Eq. (13) and applying the normal stress boundary condition (Eq. (15)), the dimensionless pressure
field in the liquid film is given by,

p∗
= p̂∗

+
1
Υ

(h∗
− z∗) − C∆∗

ph∗ (20)

Substituting Eq. (20) into Eq. (12) yields,

∂2v∗

∂z∗2 = ∇
∗

p(
1
Υ

h∗
− C ∆∗

ph∗) (21)

Integrating Eq. (21) twice and applying the tangential stress boundary condition (Eq. (16)) at the free surface, and
the no-slip and no-penetration boundary condition (Eq. (17)) at the bottom surface of the film, the dimensionless
velocity field v∗ is obtained as,

v∗
=

(
1
Υ

∇
∗

ph∗
− C ∇

∗

p∆
∗

ph∗

)(
1
2

(z∗
− f ∗)2

− (h∗
− f ∗)(z∗

− f ∗)
)

+ (z∗
− f ∗)∇∗

pσ
∗ (22)

Now, we can define the dimensionless velocity field at the free surface of the thin liquid film as

v∗

s = v∗(x∗, y∗, z∗
= h∗) =

(h∗
− f ∗)2

2

(
C ∇

∗

p∆
∗

ph∗
−

1
Υ

∇
∗

ph∗

)
+ (h∗

− f ∗)∇∗

pσ
∗ (23)

ext, we integrate Eq. (14) with respect to z∗ from z∗
= f ∗ to z∗

= h∗. Using Eq. (17), we obtain w∗
s as,

w∗

s = −

∫ h∗

∗

∂u∗

∂x∗
dz∗

−

∫ h∗

∗

∂v∗

∂y∗
dz∗ (24)
f f
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Using Leibniz’s integral rule and Eq. (17), Eq. (24) can be written as,

w∗

s = −
∂

∂x∗

(∫ h∗

f ∗

u∗ dz∗

)
+

∂h∗

∂x∗
u∗
⏐⏐
z∗=h∗ −

����
��⌃

0
∂ f ∗

∂x∗
u∗
⏐⏐
z∗= f ∗

−
∂

∂y∗

(∫ h∗

f ∗

v∗ dz∗

)
+

∂h∗

∂y∗
v∗
⏐⏐
z∗=h∗ −

�
���

��⌃
0

∂ f ∗

∂y∗
v∗
⏐⏐
z∗= f ∗ (25)

hence,

w∗

s = −
∂

∂x∗

(∫ h∗

f ∗

u∗ dz∗

)
+

∂h∗

∂x∗
u∗
⏐⏐
z∗=h∗ −

∂

∂y∗

(∫ h∗

f ∗

v∗ dz∗

)
+

∂h∗

∂y∗
v∗
⏐⏐
z∗=h∗ (26)

ubstituting Eq. (26) into Eq. (18) gives,

∂h∗

∂t∗
+

∂

∂x∗

(∫ h∗

f ∗

u∗ dz∗

)
+

∂

∂y∗

(∫ h∗

f ∗

v∗ dz∗

)
= 0. (27)

Using the projected velocity vector (Eq. (22)) for computing the integrals in the second and third terms of the above
equation, the evolution equation for the film height is obtained as,

∂h∗

∂t∗
+ ∇

∗

p ·
(
(h∗

− f ∗)v̄∗
)

= 0. (28)

here

v̄∗
=

1
h∗ − f ∗

∫ h∗

f ∗

v∗(x∗, y∗, z∗) dz∗
=

(h∗
− f ∗)2

3

(
C ∇

∗

p∆
∗

ph∗
−

1
Υ

∇
∗

ph∗

)
+

(h∗
− f ∗)
2

∇
∗

pσ
∗ (29)

inally, Eqs. (19), (23), (28) and (29) together with a surfactant equation of state (which will be discussed in
ection 2.5) constitute a coupled system of fourth-order PDEs. These equations are subject to suitable boundary
nd initial conditions.

.5. Surfactant equation of state

The surfactant equation of state, σ ∗(c∗) in Eq. (9), describes how the surface tension of the thin film is influenced
y the surfactant concentration. We consider the following three variants of dimensionless equations of state:

σ ∗(c∗) =
α + 1

(1 + Θ(α)c∗)3 − α, Θ(α) =

(
α + 1

α

)1/3

− 1. (30)

σ ∗(c∗) = 1 − c∗, (31)

σ ∗(c∗) =

{
(1 − c∗)3 , c∗

≤ 1
0, c∗ > 1

(32)

where α =
σm
S is a positive constant. The first equation was originally proposed in [23]. The second equation is

a linear equation of state which is achieved by considering α → ∞ in the first equation. This equation or its
on-linear version has been used in several studies (see e.g. [1,2,9,16]) for modeling a monolayer of surfactant.
he last equation of state was proposed in [10] for the case of multiple layers of surfactant and was recently used

n [15].

.6. Strong form of dimensionless partial differential equations governing the evolution of surfactant
oncentration and film height. Initial and boundary conditions

Let Ω∗
⊂ R2 be an open set that represents the computational domain, ∂Ω∗ the boundary of Ω∗, and m∗

∗
he outward unit normal vector to ∂Ω . The strong form of the initial/boundary-value problem for the surfactant
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H
d
w

concentration and the thin film height in dimensionless coordinates is stated as: Given a time interval of interest
[0, T ∗], find c∗

: Ω
∗

× (0, T ∗) ↦→ R and h∗
: Ω

∗

× (0, T ∗) ↦→ R such that

∂c∗

∂t∗
+ ∇

∗

p ·
(
c∗v∗

s

)
=

1
Pe

∆∗

pc∗ in Ω∗
×
(
0, T ∗

)
, (33)

v∗

s = C
(h∗

− f ∗)2

2

(
∇

∗

p∆
∗

ph∗
− G ∇

∗

ph∗
)
+ (h∗

− f ∗)∇∗

pσ
∗, (34)

∂h∗

∂t∗
+ ∇

∗

p ·
(
(h∗

− f ∗)v̄∗
)

= 0 in Ω∗
×
(
0, T ∗

)
, (35)

v̄∗
= C

(h∗
− f ∗)2

3

(
∇

∗

p∆
∗

ph∗
− G ∇

∗

ph∗
)
+

(h∗
− f ∗)
2

∇
∗

pσ
∗, (36)

c∗v∗

s · m∗
= 0 on ∂Ω∗

×
(
0, T ∗

)
, (37)

(h∗
− f ∗)v̄∗

· m∗
= 0 on ∂Ω∗

×
(
0, T ∗

)
, (38)

∇
∗

ph∗
· m∗

= 0 on ∂Ω∗
×
(
0, T ∗

)
, (39)

c∗(x∗, 0) = c∗

0 on x∗
∈ Ω∗, (40)

h∗(x∗, 0) = h∗

0 on x∗
∈ Ω∗. (41)

In what follows, we will use the dimensionless form of the equations; the superscript stars will be omitted for the
sake of notational simplicity. Moreover, as we will only use planar gradient and Laplace operators, we will omit
their p subscript henceforth.

3. Numerical formulation

3.1. Continuous problem in the weak form

Let S =
{
c | c(·, t) ∈ H 2(Ω )

}
be the trial solution space and V =

{
w | w ∈ H 2(Ω )

}
the weighting function

space, where H 2(Ω ) represents a Sobolev space of square-integrable functions with square-integrable first and
second derivatives in Ω . For the time being, let us also assume periodic boundary conditions in all directions and
strongly impose these conditions on the finite element spaces. The weak form of the evolution Eqs. (33) and (35)
is derived by multiplying these equations by weighting functions and applying integration by parts repeatedly. The
variational formulation is therefore stated as follows: find U = {c, h} ∈ S2 such that for all W = {w, q} ∈ V2

B (W, U) = 0, (42)

(w, c(x, 0))Ω = (w, c0)Ω , (43)

(q, h(x, 0))Ω = (q, h0)Ω . (44)

where

B (W, U) =

(
w,

∂c
∂t

)
Ω

+
(
∇w, C G M2(h p) c ∇h

)
Ω

−
(
∇w,M1(h p) σ ′(c) c ∇c

)
Ω

+
(
∇w, C M2(h p)∆h ∇c

)
Ω

+
(
∆w, C M2(h p) c∆h

)
Ω

+
(
∇w, CM′

2(h p) ∇(h − f ) c∆h
)
Ω

−

(
w,

1
Pe

∆c
)
Ω

+

(
q,

∂h
∂t

)
Ω

+
(
∇q, C M′

3(h p) ∇(h − f )∆h
)
Ω

+
(
∇q, C G M3(h p) ∇h

)
Ω

−
(
∇q,M2(h p) σ ′(c) ∇c

)
Ω

+
(
∆q, C M3(h p)∆h

)
Ω

(45)

ere, (·, ·)Ω denotes the L2 inner product with respect to the domain Ω , h p denotes the physical height which is
efined as h p = h − f , M1(h p) = h p, M2(h p) = h2

p/2, M3(h p) = h3
p/3, and the prime denotes differentiation

ith respect to the argument.
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Nitsche’s method for imposing Dirichlet boundary condition. Following the variational formulations of Nitsche’s
method for fourth-order PDEs [24–26], we impose the Dirichlet boundary condition (Eq. (39)) by adding the
following boundary terms to the residual (Eq. (45))

−
(
∇w · m, C M2(h p) c∆h

)
∂Ω

−
(
∇q · m, C M3(h p)∆h

)
∂Ω

−
(
∆q, C M3(h p) ∇h · m

)
∂Ω

+ (∇q · m, αh ∇h · m)∂Ω
(46)

where αh is a stabilization parameter. Here, the assumption is that no admissibility constraints are imposed on trial
and weighting function spaces. The consistency of the Nitsche’s-based variational formulation with the strong form
of boundary value problem (Eqs. (33), (35) and (37) to (39)) can be shown by applying repeated integration by
parts to the augmented residual. This leads to(

w,
∂c
∂t

+ ∇ · (cvs) −
1

Pe
∆c
)
Ω

− (w, cvs · m)∂Ω = 0, (47)(
q,

∂h
∂t

+ ∇ · ((h − f )v̄)

)
Ω

− (q, (h − f )v̄ · m)∂Ω

−
([

C M3(h p)∆q − αh(∇q · m)
]
, ∇h · m

)
∂Ω

= 0. (48)

he above equations must hold for arbitrary weighting functions w and q . Invoking this assumption yields the
uler–Lagrange equations which recovers the strong form of the boundary value problem (Eqs. (33), (35) and (37)

o (39)). This completes the proof of variational consistency for the Nitsche’s-based variational formulation.

.2. Semidiscrete formulation

Following the Galerkin formulation, we let Sh
⊂ S and Vh

⊂ V be the finite-dimensional trial and weighting
function spaces such that Sh

= Vh
= span{NA}

nb
A=1 where NA denotes the spline basis function, and nb is the

imension of the discrete function space which implies NA’s are linearly independent. To define the functions
NA over the domain in the physical space, the spline basis functions with C1 global continuity are defined on a
arametric space and then mapped into the physical space Ω using the isoparametric concept. Having a non-singular
apping, the discrete solution possess C1 global continuity in the physical space which ensures the satisfaction of

he requirement Sh
⊂ H 2(Ω ).

The semidiscrete Galerkin form of the problem is stated as: Find Uh
=
{
ch, hh

}
∈ (Sh)2 such that for all

h
=
{
wh, qh

}
∈ (Vh)2

B
(
Wh, Uh)

= 0, (49)(
wh, ch(x, 0)

)
Ω

=
(
wh, c0

)
Ω

, (50)(
qh, hh(x, 0)

)
Ω

=
(
qh, h0

)
Ω

. (51)

here

ch (x, t) =

nb f∑
A=1

NA(x)cA(t), wh (x) =

nb f∑
A=1

NA(x)wA,

hh (x, t) =

nb f∑
A=1

NA(x)h A(t), qh (x) =

nb f∑
A=1

NA(x)qA.

.3. Time discretization

The above semidiscrete Galerkin formulation is discretized in time using the generalized α-method [27]. We
iscretize the time interval of interest (0, T ) into N subintervals In = (tn, tn+1), n = 0, . . . , N − 1, where
= t0 < t1 < · · · < tN−1 < tN = T . The time step size is defined as ∆tn = tn+1 − tn . We define the time

iscrete approximations of ch(·, tn) and hh(·, tn) as ch
n and hh

n , respectively. The global vectors of control variables
h h ˙
ssociated to cn and hn are written, respectively, as Cn and Hn , while their first time derivatives are denoted as Cn
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and Ḣn . The global solution vector at time step n is therefore defined as Sn = {Cn, Hn}
T . Let us also define the

residual vector as

R =

{
Rc

Rh

}
, (52)

Rc
= {Rc

A}, Rh
= {Rh

A}, (53)

Rc
A = B

(
{NA, 0}, {ch, hh

}
)
, Rh

A = B
(
{0, NA}, {ch, hh

}
)
. (54)

he generalized-α time integration scheme is then stated as follows: given Sn , Ṡn , and ∆tn , find Sn+1, Ṡn+1, Sn+α f ,
and Ṡn+αm such that

R(Ṡn+αm , Sn+α f ) = 0. (55)

where

Ṡn+αm = Ṡn + αm(Ṡn+1 − Ṡn), (56)

Sn+α f = Sn + α f (Sn+1 − Sn), (57)

Sn+1 = Sn + ∆tn((1 − γ )Ṡn + γ Ṡn+1). (58)

The real-valued parameters α f , αm , and γ in the above equations are determined such that the accuracy and stability
of the time integration scheme is guaranteed. It was shown in [28] that for a first-order linear ordinary differential
equation system, the generalized-α method attains second-order accuracy in time if

γ =
1
2

+ αm − α f (59)

and the method is unconditionally stable if

αm ⩾ α f ⩾
1
2

(60)

The parameters αm and α f are defined as [28]:

αm =
1
2

(
3 − ρ∞

1 + ρ∞

)
, α f =

1
1 + ρ∞

(61)

here ρ∞ ∈ [0, 1] is a parameter which controls the high-frequency damping and is defined as the spectral
adius of the amplification matrix as ∆t −→ ∞. In this work, we choose ρ∞ = 0.5 which has been shown to
e an effective choice through several previous studies including turbulent computations [29], the Cahn–Hilliard
hase-field model [30] and other high-order phase-field models [31].

The nonlinear system of equations of (55) are solved using the Newton–Raphson method according to the
ollowing two-phase predictor–multicorrector algorithm:

redictor phase. Set

S(0)
n+1 = Sn, (62)

Ṡ(0)
n+1 =

γ − 1
γ

Ṡn. (63)

The superscript 0 denotes the iteration index of the nonlinear solver. Note that the predictor is consistent with
Eq. (58) which is the Newmark formula.

Multicorrector phase. Repeat the following steps for i = 1, 2, . . . , imax , or until convergence is reached.

1. Evaluate iterates at the intermediate time levels:

Ṡ(i)
n+αm = Ṡn + αm(Ṡ(i−1)

n+1 − Ṡn), (64)

S(i)
n+α f

= Sn + α f (S(i−1)
n+1 − Sn). (65)

2. Use the intermediate iterates to compute ∆Ṡ(i)
n+1 from the following linearized equation:

R(i+1)
n+1 = R(i)

n+1 +
∂ R(i)

n+1

˙ (i) ∆Ṡ(i)
n+1 = 0 (66)
∂Sn+1
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Note that this equation is obtained by expanding the residual about a previous i th-iterate solution for the
residual at (i + 1)th-iterate.

3. Use ∆Ṡ(i)
n+1 to update the solution.

Ṡ(i)
n+1 = Ṡ(i−1)

n+1 + ∆Ṡ(i)
n+1, (67)

S(i)
n+1 = S(i−1)

n+1 + γ∆tn∆Ṡ(i)
n+1. (68)

Note that the last equation is obtained by subtracting Eq. (58) evaluated at iteration (i − 1) from Eq. (58)
evaluated at iteration (i).

The tangent matrix in Eq. (66) is given by

K =
∂ R(Ṡn+αm , Sn+α f )

∂Ṡn+αm

∂Ṡn+αm

∂Ṡn+1
+

∂ R(Ṡn+αm , Sn+α f )

∂Sn+α f

∂Sn+α f

∂Ṡn+1

=αm
∂ R(Ṡn+αm , Sn+α f )

∂Ṡn+αm

+ α f γ∆tn
∂ R(Ṡn+αm , Sn+α f )

∂Sn+α f

(69)

here the iteration index i is omitted for clarity, and

∂ R(Ṡn+αm , Sn+α f )

∂Ṡn+αm

=

⎡⎢⎣
∂ Rc(Ṡn+αm ,Sn+α f )

∂Ċn+αm

∂ Rc(Ṡn+αm ,Sn+α f )

∂Ḣn+αm

∂ Rh (Ṡn+αm ,Sn+α f )

∂Ċn+αm

∂ Rh (Ṡn+αm ,Sn+α f )

∂Ḣn+αm

⎤⎥⎦ ,

∂ R(Ṡn+αm , Sn+α f )

∂Sn+α f

=

⎡⎢⎣
∂ Rc(Ṡn+αm ,Sn+α f )

∂Cn+α f

∂ Rc(Ṡn+αm ,Sn+α f )

∂Hn+α f

∂ Rh (Ṡn+αm ,Sn+α f )

∂Cn+α f

∂ Rh (Ṡn+αm ,Sn+α f )

∂Hn+α f

⎤⎥⎦ . (70)

.4. Adaptive time-stepping algorithm

To save the computational time while maintaining a good level of time accuracy, we use an adaptive time-
tepping algorithm which is provided in the PETSc library [32,33]. This algorithm has been proven to be an effective
ption for time adaptivity in the context of isogeometric analysis with generalized-α time integration [30,31,34,35].
orrowing ideas from embedded Runge–Kutta methods [36,37], the algorithm estimates a local truncation error by
omparing the solutions computed by generalized-α method and the backward Euler method. Based on this error,
he algorithm decides on the next time step size. Let i denote the iterate of the adaptive time-stepping algorithm.
t the time step tn , given Ṡn , Sn , and ∆tn−1, and assuming ∆tn,0 = ∆tn−1, we repeat the following steps for
= 1, . . . , imax

1. Compute SG A
n+1,(i−1) using the generalized-α method and ∆tn,(i−1).

2. Compute SB E
n+1,(i−1) using the backward Euler method and ∆tn,(i−1).

3. Calculate the weighted local truncation error according to (see [37], Eq. 4.11)

en+1,(i−1) =

√ 1
N

N∑
a=1

(
|SG A

n+1,(i−1)(a) − SB E
n+1,(i−1)(a)|

toln+1,(i−1)(a)

)2

where N is the dimension of the solution vector. The tolerance level in the denominator is computed by

toln+1,(i−1)(a) = tolA(a) + max
(
|SG A

n+1,(i−1)(a)|, |SB E
n+1,(i−1)(a)|

)
tolR(a)

where tolA(a) and tolR(a) are the desired absolute and relative tolerances, respectively.
4. Update the time step size based on the following formula

∆tn,(i) = ∆tn,(i−1) min
(
αmax , max

(
αmin, β e−1/2

n+1,(i−1)

))
where β < 1 is a safety factor, and αmin and αmax are used to ensure that the change in the time step size is
kept within a certain factor. In our implementation, we use the following default values: β = 0.9, αmin = 0.1,

−4 −4
αmax = 10, tolA(a) = 10 , tolR(a) = 10 .
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5. If en+1,(i−1) > 1, go to step 1 and repeat the steps; otherwise, set Ṡn+1 = ṠG A
n+1,(i−1), Sn+1 = SG A

n+1,(i−1), and
∆tn = ∆tn,i .

4. Numerical examples

Unless stated otherwise, we consider the surfactant equation of state to be σ (c) = 1−c in the following numerical
examples. An adaptive time-stepping scheme (as explained in [31]) is utilized. All the computations are done in the
dimensionless coordinates. Uniform cubic B-spline elements with C2 global continuity are employed in all cases.

he values of dimensionless parameters are chosen based on typical experimental parameter values such that the
se of lubrication theory is permissible (for more details, see [1,2,10,38]). On the boundaries of the computational
omain, we either impose periodic boundary conditions or boundary conditions according to Eqs. (37) to (39). In
he latter case, we utilize the Nitsche’s method as derived in Eq. (46). The stability parameter of Nitsche’s method is
hosen as 5/he where he is the characteristic length of each boundary element; this is an empirical choice following
he works of Zhao et al. [26] and Wells et al. [39]. The computer code for our isogeometric formulation has been
mplemented in PetIGA [40]. PetIGA is a NURBS-based isogeometric analysis framework that allows for parallel
omputing, and is built on top of the scientific library PETSc [32].

.1. Verification example: Comparing the surfactant spreading rates with similarity solutions

For the first set of numerical examples, we consider a simplified form of Eqs. (33) and (35) for which there exist
imilarity solutions. Assuming C = G = f (x, y) = 0 and 1

Pe → 0, the simplified equations are given by

∂c
∂t

+ ∇ · (c h ∇σ) = 0, in Ω × (0, T ) , (71)

∂h
∂t

+ ∇ ·

(
h2

2
∇σ

)
= 0, in Ω × (0, T ) . (72)

These equations possess similarity solutions which show that the leading edge of surfactant spreads as t1/4 for an
initial axisymmetric drop of surfactant-covered liquid [2]. The same study shows that when the initial distribution of
surfactant is a planar strip, the spreading scales as t1/3. These similarity solutions were obtained assuming that the
total mass of surfactant is fixed. We model these problems numerically using isogeometric analysis with 256 × 256
cubic B-spline elements and an adaptive time-stepping scheme. The initial conditions for the surfactant and the film
height are considered to be

h(x, y, 0) = 1,

c(x, y, 0) =
1
2

(1 − tanh(10(r − 1))), where r =

√
x2 + y2, (axisymmetric drop)

c(x, y, 0) =
1
2

(1 − tanh(10(x − 1))), (planar strip)

The computational domain is [−8, 8] × [−8, 8] for the drop and [0, 16] × [0, 16] for the planar strip. For the
planar strip problem, we consider periodic boundary conditions in the y direction. Fig. 1 presents the variation of
the leading edge of surfactant front with respect to time for the axisymmetric drop and the planar strip. In both
cases, our isogeometric solution agrees well with the spreading rates predicted by the similarity solutions. The
leading edge of surfactant is determined such that ahead of its position c = 0. We note that the solution to the
simplified equation for the film height has a shock-like structure which calls for the use of stabilization techniques
such as Streamline-Upwinded Petrov–Galerkin method (SUPG) [41] and discontinuity-capturing techniques [42]
(see also [15] for the use of SUPG in a mixed finite element framework for studying surfactant spreading on
thin liquid films and [43] for using SUPG plus a residual-based discontinuity-capturing technique for isogeometric
analysis of Eulerian hydrodynamics). We will not pursue this direction as the solution to the full PDEs, especially
when the contributions from capillary, gravity and surface diffusion terms are reasonably significant, is considerably

smoothened and therefore usually no stabilization is needed when these terms are included (Cf. [15]).
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Fig. 1. The leading edge of the surfactant at different times computed by isogeometric analysis for two different initial distributions of
surfactants: (a) axisymmetric drop for which the surfactant spreading scales as rs ∼ t1/4, and (b) planar strip for which the surfactant
spreading scales as xs ∼ t1/3.

4.2. Verification example: Spreading of a surfactant drop on a thin liquid film

Next, we study the spreading of a surfactant drop on a thin liquid film by considering the full PDEs, adding the
contributions corresponding to capillary, gravity and surface diffusion terms by setting C = 0.013, G = 20.846,
Pe = 105/3, while assuming a smooth solid substrate f (x, y) = 0. The computational domain is [−8, 8] × [−8, 8]

hich is discretized using 256 × 256 cubic B-spline elements. Fixed time step sizes of ∆t = 0.01 are used. The
nitial conditions are:

h(x, y, 0) = 1, c(x, y, 0) =
1
2

(1 − tanh(4(r − 1))), where r =

√
x2 + y2.

he results which show the evolution of the surfactant concentration and the film height for t = [0, 50] in time steps
of 2.5 are presented in Fig. 2. The initial steep gradient in surfactant concentration induces surface tension gradients
which drives a Marangoni flow. According to this flow, the surfactants are spread in the direction of surfactant-free
regions of the thin film surface. This surfactant spreading relaxes the concentration gradient and accordingly the
driving force of the Marangoni flow becomes attenuated. During this spreading process, the liquid film undergoes
large deformations; the film height reaches its maximum almost at the leading edge of surfactant monolayer. Due
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Fig. 2. Isogeometric solution for spreading of a surfactant drop on a thin liquid film rested on a smooth solid substrate: The evolution of
(a) surfactant concentration c and (b) film height h for t = [0, 50] in time steps of 2.5. The arrows indicate the direction of increasing time.
A color grading is also used to distinguish different curves in time.

to the mass conservation, this elevation in film height is compensated by a substantial decrease in film height at
the upstream. We note that this problem was already studied in [10,15] using finite volume/finite difference and
mixed finite element methods, respectively. The presented isogeometric results are in perfect agreement with those
from [10,15].

4.3. Verification example: The effect of finite-amplitude perturbations on the surfactant spreading

Introducing perturbations to the surfactant spreading problem is essential for triggering fingering instabilities.
It has been shown that finite-amplitude perturbations, when localized at the edge of the surfactant deposition and
applied either to the initial film height or to the roughness function of the substrate, can significantly affect the
surfactant spreading and the deformation of liquid film [1,15]. In fact, defining perturbations by trigonometric
functions with a single wavenumber would lead to the formation of several uniform fingers, the number of which is
equal to the wavenumber (cf. [15]). We use this feature to further verify our code. Following [15], we consider two
cases and in each case we perturb the roughness function of the substrate by considering a trigonometric function
with a single mode. The computational domain is [0, 2π ] × [0, 2π ] and is discretized by 512 × 512 cubic B-spline
elements. The roughness function and the initial conditions are chosen as the following

f (x, y) = Ā exp
(
−B(x − 1)2) (cos(λy) + 1) ,

h(x, y, 0) = (1 − x2
+ b)H (1 − x) + bH (x − 1) + Ā exp

(
−B(x − 1)2) ,

c(x, y, 0) = H (1 − x),

H (x) =
1
2

(1 + tanh (K x)) .

here H (x) is a generalized Heaviside function and the parameters are taken as Ā = 0.035, b = 0.05, K = 20,
B = 5, C = 10−4, G = 0, Pe = 104. Here, Ā controls the magnitude of the substrate roughness which in this case
quals 2 Ā. b =

Hb
H is a geometrical parameter which denotes the ratio between the thickness of the precursor film

o the characteristic height of the film; when H ≈ 1, b represents the thickness of the precursor film. K and B are
arameters that control the smoothing lengths of the smoothed-out Heaviside and delta functions, respectively.

For the first case, we assume the wavenumber to be λ = 7 while λ = 20 for the second case. We solve the
roblem until t = 100. Fig. 3 presents the surface plots of the roughness function for λ = 7 and λ = 20 together
ith the corresponding surface plots of the film height, colored by the surfactant concentration, at the final time.
s expected, the number of formed fingers equals the chosen wavenumber in each case.
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Fig. 3. (a) and (b): Surface plots of the roughness function for λ = 7 and λ = 20, respectively. (c) and (d): Surface plots of the film height
t t = 100 for λ = 7 and λ = 20, respectively, colored by the surfactant concentration. Uniform meshes with 512 × 512 elements are
mployed.

.4. Fingering instability

In this section, we consider the fingering instability that may develop behind the spreading front when the
urfactant is spreading on prewetted substrates [44,45]. The physical mechanism of this Marangoni-driven fingering
nstability in the absence of long-range intermolecular forces (van der Waals forces) was first conceptualized in [1]
see also Sec. VI.B in [7]) and is explained in the following. Consider there are some local height increases at the
dge of a drop of surfactant deposited on a thin liquid film. These local height increases in the thinning region
ields an increase in the local surface velocity. As a result, the amount of surfactant transported from this region
hrough advection will be increased which results in a local decrease of surfactant concentration. The local decrease
n surfactant concentration creates a Marangoni flow from the neighboring depressed surfactant-rich regions to
he locally elevated regions, which brings more surfactant and flow to these regions. Therefore, at the drop edge,
elatively thick and thin liquid regions are juxtaposed. The faster spreading of thick regions with respect to the
eighboring thinned ones forms finger-like patterns.

As discussed earlier, to model fingering instability numerically, it is customary to introduce perturbations in
he initial height of the film [1] which then trigger the instability. Recently [15] showed that the roughness of the
ubstrate can also initiate fingering instability. Here, we model both height-induced and roughness-induced fingering
nstabilities by considering several examples from [1,15]. In particular, we intentionally focus on the numerical
xamples provided in [15] in order to demonstrate that IGA is a promising alternative to the mixed finite element
ethods already available in the literature. Henceforth, we assume G = 0 neglecting gravitational effects that is a

alid assumption for very thin liquid films. Consistent with this assumption and similar to [15], we assume a small
apillarity number C = 10−4 which can be the case for very thin liquid films. The surface Peclet number is set to
e = 104.
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Fig. 4. Isogeometric solution for fingering instability initiated by film height perturbations. The plots show the height of a thin liquid film
rested on a smooth solid substrate at t = 100. Uniform meshes with (a) 256 × 256 and (b) 512 × 512 elements are used.

4.4.1. The problem of a planar strip of surfactant
A rectangular strip of surfactant deposited on the left edge of a square computational domain [0, 2π ] × [0, 2π ]

is considered. The computational domain is assumed to have periodic boundary conditions on its top and bottom
surfaces. We first model this problem on a smooth substrate by setting f (x, y) = 0 and initiate the instability solely
by perturbing the initial film height. Therefore, the initial conditions are set to

h(x, y, 0) = (1 − x2
+ b)H (1 − x) + bH (x − 1) + exp

(
−B(x − 1)2) N∑

k=1

Ak cos(λk y),

c(x, y, 0) = H (1 − x).

where the parameters are taken as b = 0.05, K = 20, B = 5, A1 = 0.01, A2 = 0.01, A3 = 0.01, A4 = 0.005, λ1 =

2, λ2 = 5, λ3 = 7, λ4 = 20. Note that the last term in the definition of initial height is a finite-amplitude perturbation
localized at the edge of surfactant deposition. We model the problem using 256 × 256 and 512 × 512 cubic B-spline
lements. The film height computed at t = 100 for these two different discretizations is presented in Fig. 4 which
learly shows the fingering instability and the ability of our formulation to accurately capture all the main processes
ncluding spreading of fingers, finger tip splitting, and shielding. Despite some fine details at the finger tips, the
esults for these two meshes are almost visually indistinguishable; this confirms that it is indeed the initial height
erturbations that caused the instability and not some numerical errors. The observed fingering patterns are nearly
he same as those presented in [15] using a mixed finite element method, and in [10] using a finite volume method.

Next, we show that for the previous example the instability can be initiated by considering a rough substrate.
or this purpose, we consider the roughness function and the initial height and concentration to be defined as

f (x, y) = exp
(
−B(x − 1)2) N∑

k=1

Ak(cos(λk y) + 1),

h(x, y, 0) = (1 − x2
+ b)H (1 − x) + bH (x − 1) + Ā exp

(
−B(x − 1)2) ,

c(x, y, 0) = H (1 − x).

here Ā =
∑N

k=1 Ak . All the parameters are the same as the previous example. For comparison purposes and
imilar to [15], we consider a reference case with a perturbed initial height and a smooth substrate such that the

nitial physical height (h p = h − f ) and concentration in both cases are the same. The roughness function, and the
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Fig. 5. Isogeometric solution for fingering instability initiated by: (a) roughness of the substrate (b) initial height perturbations. The initial
physical height h p and concentration are the same in both cases. The plots show the height of the thin film at t = 100. Uniform meshes
with 512 × 512 elements are employed.

initial height and concentration for this reference case are therefore defined as follows:

f (x, y) = 0,

h(x, y, 0) = (1 − x2
+ b)H (1 − x) + bH (x − 1) − exp

(
−B(x − 1)2) N∑

k=1

Ak cos(λk y),

c(x, y, 0) = H (1 − x).

he film height for these two cases, i.e. roughness-induced and perturbed height-induced fingering instabilities,
re reported in Fig. 5 together with the profiles of height h at different cross-sections (x = 1.0, 1.5, 2.0, 2.5)
n Fig. 6. Although the results in Fig. 5 seem visually imperceptible, some differences between the two cases
an be observed in Fig. 6, particularly in regions well behind the thinned zone (at x = 1). However, while not
lotted here, the differences between the two cases for the profiles of the physical height h p at the same cross-
ections would be minimal; this seems reasonable as in both cases we assumed the same initial physical height and
oncentration. Nevertheless, this is in contrast to [15] where the authors reported thicker and longer fingers over
he rough substrate. In Fig. 7, we plot the magnitude of the gradient of surfactant concentration, |∇c|, for the case
f height-induced fingering instability at different time instants, while the height field in the vicinity of the fingers,
hown by black contour lines, is superimposed on the top of the plot. It can be observed that as time passes little
ngers appear at the edge of the drop, in the thinning region. There are some fingers which at their tip |∇c| is
igher than some neighboring fingers. The Marangoni stresses are more pronounced at these fingers and they are a
referential candidate for Marangoni flow and as a result these fingers are those which keep spreading. In addition,
he rate of decrease of |∇c| is much faster at early times and becomes considerably slower at later times.

.4.2. The problem of a drop of surfactant
We now consider the problem of deposition of a drop of surfactant on prewetted smooth and rough substrates.

imilar to the previous examples, the instabilities are initiated by introducing perturbations to the initial film height
n the case of smooth substrate, and by the roughness of the substrate in the other case. The drop has a radius
f unity and the computational domain is a square defined as [−4.5, 4.5] × [−4.5, 4.5]. For the case of a smooth
ubstrate, the roughness function, the initial film height and concentration are defined as

f (x, y) = 0,

h(x, y, 0) = (1 − r2
+ b)H (1 − r ) + bH (r − 1) + A(ϕ) exp

(
−B(r − 1)2) ,
c(x, y, 0) = H (1 − r ).
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Fig. 6. Comparison of the height profiles at different cross-sections for the fingering instabilities initiated either by roughness of the substrate
(rough substrate) or by initial height perturbations (smooth substrate). The plots show the height profiles at t = 100. Uniform meshes with
512 × 512 elements are employed.

where r =
√

x2 + y2, ϕ = arctan(y/x), and A(ϕ) are random values selected from a uniform distribution on
−0.01, 0.01]. Other parameters are the same as those in Section 4.4.1. For the case of a rough substrate, the
oughness function, the initial film height and concentration are defined as

f (x, y) =
1
2

N∑
k=1

Ak(cos(λkr ) + 1) + A(ϕ) exp
(
−B(r − 1)2)

− δ,

h(x, y, 0) = (1 − r2
+ b)H (1 − r ) + bH (r − 1) +

1
2

Ā,

c(x, y, 0) = H (1 − r ).

here δ = 0.005. In both cases, we use 512 × 512 cubic B-spline elements for discretizing the computational
omain and apply periodic boundary conditions in the x and y directions on the domain boundaries. The results of
ur isogeometric formulation for the fingering patterns on smooth and rough substrates at different time instants are
eported in Figs. 8 and 9, respectively. The results are very similar to those reported in [15] and clearly show the
ormation of single and branching fingers in a growing-in-time thinned zone. The fingering patterns show a good
greement with the experimentally observed patterns in [44]. To better examine the characteristics of spreading

rocesses in these two cases, we show the profiles of film height and concentration in Fig. 10. The main difference
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Fig. 7. Isogeometric solution for fingering instability initiated by initial height perturbations at different time instants. The height field in
the vicinity of the fingers is plotted by black contour lines. The magnitude of gradient of surfactant concentration is plotted at different time
instants which show that the higher magnitude of concentration gradient at the tips of fingers is a driving mechanism for fingers to grow.
Uniform meshes with 512 × 512 elements are employed.
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Fig. 8. Isogeometric solution for fingering instability induced by perturbing the initial height of a thin liquid film rested on a smooth solid
substrate at different time instants. Uniform meshes with 512 × 512 elements are employed.

is in the structure of the ramped region which is a smooth line for the smooth substrate and a bumpy line for the
rough substrate. Interestingly, in both cases, the peak value of film height in the ramped region is about 1.7 times
the height of undisturbed film. Fig. 11 shows the magnitude of the gradient of surfactant concentration, |∇c|, for
the case of height-induced fingering instability at different time instants, while the height field in the vicinity of the
fingers, shown by black contour lines, is superimposed on the top of the plot. It is seen that the higher magnitude
of concentration gradient at the tips of some fingers is a driving mechanism for them to spread.
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Fig. 9. Isogeometric solution for fingering instability induced by the roughness of solid substrate at different time instants. Uniform meshes
with 512 × 512 elements are employed.

. Conclusions

In this paper, we have described the use of isogeometric analysis for solving a system of time-dependent nonlinear
ourth-order PDEs governing the spreading of insoluble surfactants on the free surface of a thin liquid film. Applying
standard Galerkin finite element method to the problem, the weak form involves several terms with second-order
patial partial differential operators which are well-defined and integrable only if the basis functions are piecewise
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Fig. 10. The profiles of film height and concentration along the line x = 0 at time instants t = 0 and t = 120 for the smooth (sub-figures
(a) and (b)) and rough substrates (sub-figures (c) and (d)).

smooth and globally C1 continuous. Exploiting the high continuity of high-order spline basis functions in IGA,
the variational formulation of the problem is treated in a straightforward fashion, without the need for mixed finite
element methods.

We have first reviewed the theory underlying surfactant spreading on thin films over smooth/rough substrates.
Starting from a free boundary problem of Navier–Stokes equations for the incompressible flow in a thin liquid
film and a surfactant mass balance equation on the free surface, and using the lubrication theory together with
certain assumptions on different dimensionless parameters, we have reached the final system of coupled PDEs. To
solve these PDEs, we have applied a Galerkin-based isogeometric analysis and a generalized-α method for spatial
and temporal discretizations, respectively. We have verified our isogeometric code by considering three sets of
examples which include comparisons of surfactant spreading rates with similarity solutions of a simplified form of
equations, studying the spreading of a surfactant drop on a thin liquid film over a smooth substrate by considering
the full PDEs, and investigating the effect of finite-amplitude perturbations to the roughness of the substrate on
the surfactant spreading. Next, we have focused on capturing Marangoni-driven fingering instabilities, initiated
either by introducing perturbations to the initial film height or to the roughness of the substrate. Several examples,
previously solved using mixed finite element methods [15], have been solved in the IGA framework to demonstrate

that IGA can easily capture these fingering patterns. Therefore, through several numerical examples, we have shown
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Fig. 11. Isogeometric solution for fingering instability initiated by initial height perturbations at different time instants. The height field in
the vicinity of the fingers is plotted by black contour lines. The magnitude of gradient of surfactant concentration is plotted at different time
instants which show that the higher magnitude of concentration gradient at the tips of fingers is a driving mechanism for fingers to grow.
Uniform meshes with 512 × 512 elements are employed.
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that isogeometric analysis provides a natural finite element framework for solving high-order PDEs governing the
problem of surfactant spreading over thin films on rough/smooth substrates.
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